THE CHOW RING OF DOUBLE EPW SEXTICS 



ANDREA FERRETTI 



Abstract. A conjecture of Beauville and Voisin states that for an irreducible 
symplectic variety X, any polynomial relation between classes of divisors and 
the Chern classes of X which holds in cohomology already holds in the Chow 
groups. We verify the conjecture for a very general double EPW sextic. 
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1. Introduction 

A difficult problem in algebraic geometry is to characterize the kernel (and the 
image) of the cycle map 

c: CH*(X) -> H*(X,Z) 

for a smooth projective variety X over C. When X is an irreducible symplectic 
variety there is a general conjecture, due to Beauville, which states the following: 
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Conjecture 1 (Beauvillc). Let X be an irreducible symplectic variety, and let 
DCH(X) C CHq(X) be the subalgebra generated by the divisors. Then the cycle 
map 

c:CH*(X) Q ^H*(X,Q) 
is injective when restricted to DCH(X). 

We refer to the original article [Bea07j for the motivation of the conjecture and its 
link with the conjectures of Bloch and Beilinson; we just remark that the conjecture 
was known to hold when X is a K3 surface from [BV04] . Conjecture [T] explicitly 
means the following: any polynomial relation 

P(D u ...,D k )=0 

in the fundamental classes of divisors which holds in H*(X) already holds inside 

This has been extended by Claire Voisin in Voi08] in the following form: 

Conjecture 2 (Voisin). Let X be an irreducible symplectic variety. Any polynomial 
relation 

P(D 1 ,...,D k ,c i (X))=0 

in the fundamental classes of divisors and in the Chern classes of X which holds in 
H*(X) already holds in CH^(X). 

In the same paper Claire Voisin proves 

Theorem (Voisin) . Conjecture [H holds true when 

• X — S^™!, for some K3 S, and n < 2b2(S)t r + 4, where &2(<S)tr is the 
rank of the transcendental part of H 2 (S), that is, the orthogonal of the 
Neron-Severi lattice, or 

• X is the Fano variety of lines on a cubic fourfold Y C P . 

As far as the author knows, no other cases of the conjecture have been verified 
so far. The aim of this paper is to prove the following 

Theorem 1.1. Let X be a double EPW sextic, f: X — > Y its associated double 
covering. Let 

h = f*0 Y (l) 

be the natural polarization. Then every polynomial relation between h and the Chern 
classes of X which holds in H*(X,Q) already holds in CH*(X)q>. 
In particular if X is very general, Conjecture holds for X . 

We recall that double EPW sextics are a class of irreducible symplectic varieties 
which were introduced by O'Grady in |O'G08a] : we shall begin by reviewing this 
construction. 

Theorem 1 1.1 1 is the main result of my Ph.D. thesis [Fer09j . Some facts that are 
only cited in the present paper are described there in more detail. 

1.1. EPW sextics. In this section we recall some known facts about EPW sextics 
and we fix the notation that we shall use. The results here are due to O'Grady, and 
are available in |O'G08aj and |O'G06j : see also [E;r09 for a detailed introduction. 

We start with a 6-dimensional vector space V over the field C. The space /\ 6 V 
is 1-dimensional, so we choose once and for all an isomorphism 

vol: A 6 ^ -» C. 



THE CHOW RING OF DOUBLE EPW SEXTICS 3 

This endows /\ 3 V with a symplectic form, given by 

(a, (3) = vol(a A /?), 

for a, /3 £ f\ 3 V, so /\ 3 becomes a symplectic vector space of dimension 20. 
For each non-zero v £ V we can consider the Lagrangian subspace 

F v = {v Aa \ a £ /\ 2 V}. 

This is clearly isotropic, and the isomorphism 

Vv :F v -^/\ 2 (V/(v)) 

(1.1) 

dAq i > [a] 

shows that dimF„ = ( 2 ) = 10. 

Since the subspace F v only depends on the class [v] € V(V), the subspaces F v fit 
together, giving rise to a Lagrangian subbundle F of the trivial symplectic bundle 
P(V) x V. The maps in (11. ip then yield an isomorphism 

f = s® A 2 S, 

where Q is the tautological quotient bundle on P(V) and 5 the tautological sub- 
bundle. From this a standard computation gives 

ci(-F) = ci(A 2 Q) + rk(^) Cl (5) = -6ff, (1.2) 

where H = ci(C(l)) is the hypcrplanc class on P(V^). 

We are now ready to define the EPW sextics, as follows. Fix a Lagrangian 
subspace A C f\ 3 V. Note that the symplectic form gives a canonical identification 

/\ 3 V/A = A y . 

Let 

\a'- F —> P (y) <g> A v (1.3) 

be the inclusion F ► Op(y) ® /\ 3 followed by the projection modulo A. The map 
Xa is a map of vector bundles of equal rank 10. 

Definition 1.2. We set 

Y A = Z(det\ A ), 

the zero locus of the determinant of Xa- This is a subscheme of P{V); when it is 
not the whole P(V), Ya is called a EPW sextic (it is indeed a sextic by Equation 

(EH))- 

The support of the scheme Ya is by definition the locus 
{[«] G P(K) | dim(F v nA) > l}. 

We then set 

Y A [k] = {[«]£ P(V) | dim(F„ n A) > fc}, 

so that Ya = Y/t[l], at least set-theoretically. The loci Ya[&] also have a natural 
scheme structure, given by the vanishing of the determinants of the (fc + 1) X (k + 1) 
minors of A^- 

The natural parameter space for EPW sextic the Lagrangian Grassmannian 
LG(A V), or more precisely the Zariski open set parametrizing those A for which 
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Y A C P(V). We recall that hG(/\ 3 V) C Gr(10,A 3 V) is the subvariety of La- 
grangian subspaces; it is a smooth variety of dimension 55 (see Section [5]). 
Following [O'Gj we give the following definitions. 

Definition 1.3. We let 

E = {4e L(G(A 3 V) | A 3 (W) C A for some W C V, dim W = 3}. 

In other words E is the set of Lagrangian subspaces of /\ 3 V containing a decom- 
posable form. 

More generally for each k € N we define E& as the Zariski closure of the locus of 
Lagrangian subspaces A G LG(/\ 3 V") that contain exactly k linearly independent 
decomposable forms. In this way we have E = Ei, and of course Efc = when 
k > 10. 

We also let 

A = {ie LG(A 3 V) | Y A [3] ji 0} c LG(A 3 V). 
Finally we define 

LG(A 3 V)° = LG(A 3 V) \ (E U A). 

Note that if W C V is a subspace of dimension 3 such that A 3 (^0 C A, then 
Ya contains the plane P(VF). For some purposes E is analogous to the locus which 
parametrizes the Fano varieties of cubic fourfolds containing a plane. 

These loci admit the following description 

Proposition 1.4 (O'Grady). 
i) The set S is closed in LG(A 3 V). 

ii) The set has codimension k in LG(A V) (when it is not empty). 
Hi) Efc is smooth away from Efc+i. 
iv) Let 

so that A contains exactly k decomposable forms a\, . . . ,au, up to multiples. 
Then the tangent space to E^ in A is 

T^Efc = {qe Sym 2 (A v ) | q{ ai ) = ■■■= q(a k ) = 0}. 

v) A is an irreducible divisor of hG(/\ 3 V) . 

The relevance of these loci is that they can be used to describe the singularities 
of the EPW sextics. 

Proposition 1.5 (O'Grady). Let A e LG(A V), and assume that Ya is not the 
whole P(V). Let [v] e Ya- Then Ya is smooth at [v] if and only if [v] ^ Ya[2] and 
A does not contain any decomposable form multiple of [v] . 

In other words the singular locus of Ya is the union of Ya [2] and the planes 
P(W), where W varies through all 3-planes ofV such that /\ 3 W C A. 

Moreover: 

Proposition 1.6 (O'Grady). Assume [vq] is a smooth point o}Ya, so 

F Vo nA = (vq A a), 

with a indecomposable. Let 

H Vo = {v G V vol(v Q AnAttAa) = 0}. 
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Then the projective tangent space of Ya at [vo] is 

T [vo] Y A = F(H Vo ). 

1.2. Double EPW sextics. Assume that Ya is not the whole P(V). The map of 
vector bundles Xa in (II. 3|) is an injective homomorphism of sheaves, whose cokcrnel 
is supported on Ya- If we denote 

i a- Y A - POO 
the inclusion, then we have an exact sequence 

>F >O p(v) ®A v >i A *(U) >0 (1.4) 

for some sheaf Ca on Ya- For a generic Lagrangian subspace A the locus 

Y A [2] = {[v] G P(V) I dim{F v n A) > 2} 

is properly contained in Y A ; it follows that £4 is generically free of rank 1. 
Let 

Ca = &(3); 

then O 'Grady proves in |O'G08aj that there is a natural multiplication map 

™A : Ca ® Ca -> Cy^ • 
More precisely one has the following 

Lemma 1.7 (O'Grady). TTie map mj is symmetric and associative, and gives an 
isomorphism between Ca €5 Ca o-nd Oy A . 

Thanks to the lemma we see that the sheaf 

Oy A © Ca 

has the structure of Oy A -algebra, so we have an associated double covering. 

Definition 1.8. We denote by Xa this double covering; the scheme Xa is called 
a double EPW sextic. We denote by 

/a : X A -» Y A 

the covering map. 

The scheme Xa is endowed with a polarization hA = f A OY A (l)- 

Remark 1.9. The ramification locus of the map f A is Ya[2]- To see this we just 
need to observe that by construction the ramification locus is the locus where the 
sheaf Ca, or equivalently the sheaf Ca, is not locally free. Since m*(£a) is the 
cokernel of the map 

X A : F ^0 P(v) (g>A y , 
we see that the rank of Ca jumps exactly along Ya[2], hence our claim. 

As a corollary to Proposition 1 1.51 one finds: 

Corollary 1.10. The double covering Xa is smooth if and only if 

A e LG(A 3 V)°. 

The relevance of these double coverings stems from the following result. 
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Proposition 1.11 (O'Grady). Let A € L,G(/\ 3 V)° . Then Xa is an irreducible 
symplectic variety. The polarized Hodge structure on H 2 (X,Z) is the same as that 
ofS [2] , where S is a K3 surface, and its Fujiki constant is 3. 

Let Za = /^ 1 (Ya[2]); this is the branch locus for the 2 : 1 covering, hence 
it is isomorphic to Ya[2] itself. Since the covering involution is antisymplectic, 
the symplectic form restricts to on Za, that is, Za is isotropic. Under mild 
assumptions Za is a surface, hence a Lagrangian surface inside Xa- More precisely 
we have the 

Proposition 1.12 (O'Grady). Let A <E h&(/\ 3 V)° . Then Y A [2] is a smooth con- 
nected surface of degree 40, with x*op(5 / a[2]) = 192. 

Let A e LG(A 3 V f, Z = Z A . We will need the following relation in the Chow 
group. 

Proposition 1.13. The canonical class of Z satisfies 

2K Z = Oz(6) 

in CFL*{Z). 

Remark 1.14. The above proposition determines Kz only up to 2-torsion. Namely 
we can rewrite it as 

K z =O z (3) + k, 

where n is a 2-torsion class. One can use the deformation argument of Section 0] 
and the results of [Wel81] to show that the class k is really non-zero. 

Proof. For simplicity let us denote W = f(Z) the singular set of Y. We know that 
on W the map A has constant rank 8, so we get the following exact sequence of 
vector bundles on W: 

,/C >F 3^U 0w ®(A z V/A) >C\ W >0. (1.5) 

Here K is defined to be the kernel of ^\ w ', it has rank 2. Identifying W with its 
preimage Z C X, we claim that the following isomorphisms hold: 

C\ w =J^z/x. (1-6) 
IC^J^/x (1-7) 

Assuming Equations (|1.6p and (|1.7[) for a moment, the exact sequence in (|1.5p 
gives 

ci(^ /x )-c 1 (F)-c 1 (M z/ x) = 0, 

hence 

2c l {Mz,x) = -ci(F) = O z {&). 
Since X has trivial canonical class, it follows that 

2K z =2 Cl (Af z/x ) = O z (6), 

as desired. 

So we now turn to the proof of (|1.6[) and (|1.7[) . Let p G Z; then the covering 
involution ip fixes p, so ip* acts on T p X. This gives a decomposition 

T P X = (T P X)+ {T P X)^ 
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in eigenspaces for (p*, with eigenvalues ±1. Since Z is the fixed locus of ip, 

(T p X)+ = T p Z. 

On the other hand, since 

X = Spcc(O y ©£), 

we can identify 

{T P X)_ = C/( P ). 

It follows that 

{M"z/x)p - C/( P ); 

this fiber-wise identification is easily seen to globalise, hence yielding the isomor- 
phism in (|1.6|) . 

For the other, we show that /C = Cl • Indeed observe that over W we have 

\w 

IC V = F v n A and 
( v = A 3 V/(F V +A). 

The symplectic form identifies fC£ with the quotient /\ 3 V/(F V ni) 1 , and since 
both A and F v are Lagrangian we have 

{F v nA) x = Fj-+A ± =F V +A, 

thereby proving isomorphism (jl.7p . □ 

Corollary 1.15. For A E LG(/\ 3 V)° the surface Za — Ya[2] is of general type. 

1.3. EPW sextics containing a plane. We analyse in more detail the sextic Ya 
for A £ E. By definition we have some W C V of dimension 3 such that 

A 3 W C A. 

This, by definition, implies that Ya contains the plane P(W / ). Moreover it is not 
difficult to see that Ya is singular along this plane (recall the more precise statement 
in Proposition 1 1.5|) . 

Proposition 1.16 (O'Grady, |Q'Gj ). Let W C V be a subspace with dimW = 3, 
Ac A v a generic Lagrangian subspace containing f\ W . Then 

C A>w = W(W)nY A [2] 

is a curve of degree 6 inside P(W). 

The proof if this proposition is almost a word by word repetition of the fact 
that Ya is a sextic. One just notes that for every w 6 W the Lagrangian subspace 
F w contains A 3 W, and works with the symplectic trivial vector bundle over P(M^) 
with fiber (A 3 W) ± /{/\ 3 W). We do not go into the details, which can be found in 
[O^G] and in [Feru9l Section 2.5]. 

We can get an irreducible symplectic variety out of Ya by the following 

Remark 1.17. Let A 6 £ be a Lagrangian subspace, such that A D W for 
exactly one subspace W C V of dimension 3. Then we can construct an irreducible 
symplectic variety in the following way. 

Let Xa be the double covering of Ya ramified over Ya [2] ; then Xa is singular 
along the double covering S of P(VK). The surface S is a double covering of P(T / l /r ) 
ramified along the smooth sextic Ca.w, hence it is a K3. Let Xa be the blowup 
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of Xa along S. Then it is not difficult to see that Xa is an irreducible symplectic 
variety, deformation equivalent to a smooth double EPW sextic. 

1.4. Plan of the paper. Before turning to the proof of Theorem ll.il we give some 
remarks on the organization of the paper. 

Let X — Xa be a smooth double EPW sextic. The symplectic form gives an 
isomorphism 

t x = n x , 

hence the odd Chern classes vanish. So we only need to consider C2(X) and Ci{X). 
Moreover if A is generic in LG(/\ 3 V), the group Pic(Xa) is cyclic, generated by 
Ha, so the second conclusion of Theorem 11.11 follows from the first. 

The only relations in cohomology can be in degree 4, 6 or 8. Lemma [6731 excludes 
the existence of relations of degree 4, hence we are left with relations in degree 6 
or 8; these are listed in Propositions 16. II and 16.21 

Since h 2 , c 2 (X) ■ h, C2{X) 2 and C4,(X) are all proportional in cohomology, there 
must be some distinguished O-cycle on X, such that all these classes are multiples 
of it in CH i (X). We shall define this O-cycle as the class of any point on a suitable 
surface inside Xa] actually it will be easier to work with Ya and pull back everything 
to Xa later. 

Hence we look for a surface S C X such that CH 2 (S) is trivial, so each point on 
S is rationally equivalent to each other. For instance, in the proof of the conjecture 
in the case where X is the Fano variety of a cubic fourfold in [Voi08 , Claire Voisin 
used a rational surface. In that case there is a family of Lagrangian surfaces on 
X, which are simply the Fano varieties of hyperplane sections of the cubic; if the 
section is singular enough, its Fano variety turns out to be rational. 

In our case this construction is a delicate point: the analogous of S is an Enriques 
surface, but exhibiting it is complicated. This is mostly because this Lagrangian 
surface is not a section of a global Lagrangian vector bundle. We have to turn to 
a degeneration argument instead. 

We should remark that an Enriques surface will do: thanks to a theorem of 
Bloch, Kas and Lieberman ( [Voi031 Thm. 11.10]) the Chow group of 0-cycles on 
an Enriques surface is trivial. 

The argument we use goes as follows. We shall see in Section [4] that double 
EPW sextics can degenerate to a Hilbert scheme S^ 2 \ where S is a quartic surface 
in P. Under this process the fixed locus of the covering involution degenerates to 
the surface Bit(S) of bitangents to S. This allows us to translate some questions 
about the geometry of Xa, which are invariant under deformation, to questions 
about quartic surfaces and their bitangents, which are somewhat more concrete. 

Therefore we begin in Section [2] with a presentation of a classical example of a 
singular quartic surface S such that Bit(S) is birational to an Enriques surface. In 
Sections [3] and [4] we use this to conclude that for a sufficiently singular EPW sextic 
Yb the locus Yb [2] is again birationallly Enriques. Finally in Section [5] we show 
that for A G LG(/\ V)° we can find some other Lagrangian subspace B such that 
the preceding holds and Yb [2] C Ya , so finally we have our Enriques surface inside 
Ya- 

The second part of the paper is largely independent of the first. In Section [6] 
we carry out the cohomology computations on X. Section [7] studies the geometry 
of a pair (Ya, Yb) of EPW sextics which are everywhere tangent. For such a pair 
we have Yb [2] C Ya and we exhibit a rational equivalence between Yb [2] and Ya [2] 
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which will be useful to derive relations in the Chow ring. In the remaining sections 
we define the distinguished 0-cycle, and find enough relations in the Chow ring to 
finish the proof of the main theorem. 

1.5. Acknowledgements. I'd like to thank K. O'Grady for his constant support, 
advise and encouragement during my Ph.D. I also thank I. Dolgachev for suggesting 
the construction of Reye congruences. 

2. An example of Enpjques surface 

In this section we review the classical construction of Reye congruences, and add 
some facts which we shall need later for a degeneration argument. This construction 
can be found for instance in |Cos 831 ; it was suggested to us by I. Dolgachev. 

More precisely we want to get the following result. 

Proposition 2.1. There exists a 9 -dimensional family of quartic surfaces with 10 
nodes S such that the surface of bitangents Bit(S) is birational to an Enriques 
surface. 

Let V be a vector space of dimension 4 and identify P(V) = IP 3 . Choose a generic 
3-dimensional linear system of quadrics 

AC 19^(2)1, A~P 3 . 

Inside |C?p3 (2)| we can consider the degeneracy loci 

Dk = { quadrics of rank < fc}. 

It is well known that D% has codimension 1, Di has codimension 3 and D3 is 
singular precisely along D2. 
We define 

S = {singular quadrics of A} = A n -D3 and 
T = {quadrics of A of rank <2}=Afl D 2 . 

If A is generic (transverse to all degeneracy loci), we see that S will be a surface 
singular along T, which is a a finite set of points. Moreover we can assume that S 
has only nodes at points of T. 

Since S is cut out by the single equation det Q = we immediately see that S 
is a quartic. Moreover one can compute 

degT = degL» 2 = 10, 

hence S is a surface with 10 nodes, as claimed. The degree of a symmetric deter- 
minantal variety can be computed, for instance, using the results of Harris and Tu 
in [HT84] . 

Next we show how to associate an Enriques surface to A. For each quadratic form 
we can consider its associated symmetric bilinear form; this gives an embedding 

A w \O p(v) (1) H O nv) (l)\ s P(y v ) x P(V V ). 

Each member of A here is seen as a divisor of type (1, 1) on P(V) x P(V). We 
shall use the following notation: for each quadric Q given by a quadratic form q, 
we consider the associated bilinear form q, which gives a divisor Q on P(V) x P(V). 
Let Qi, . . . Qi be four quadrics spanning A. Then 

S' = f] Q = Q 1 n---nQ 4 

QeA 
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is a K3 surface. Indeed by adjunction we see that Ks> is trivial, and by Lefschetz 
theorem on hyperplane sections we see that S' is simply connected. 
By construction 

S' C F(V) x ¥(V), 

hence we have an involution l: S' — > S' interchanging the factors. We claim that i 
has no fixed points. This is equivalent to saying that S' doesn't meet the diagonal. 
Each intersection between Qi and the diagonal is a point of Qi. For A generic we 
have 

Qin---nQ 4 = 0, 

hence the claim follows. 
We can then define 

F = S'/(c); 

by construction F admits an unramified double covering which is a K3, so F is an 
Enriques surface. 

The last element that we need in order to prove Proposition 12.11 is the following 
explicit description of bitangents to S in terms of the web of quadrics A. It is a 
nice exercise in projective geometry; it is worked out fully in |Fer09| . 

Proposition 2.2. Let £ be a pencil of quadric on P 3 , and let Di be the degeneracy 
loci as above. Assume that £ does not meet D2 (that is, every quadric in I has rank 
at least 3) and that £ contains smooth quadrics. Let C be the base locus of £. Then 
the singularities of C and the position of £ relative to D3 are related as follows: 
i) Lf C is smooth, £ cuts D 3 in 4 distinct points; 
ii) if C is irreducible with a node, £ is a simple tangent to D 3 ; 
Hi) if C is irreducible with a cusp, £ meets D3 in a flex and a simple point; 
iv) if C is the union of a line and a twisted cubic meeting in 2 distinct points, £ 

is a bitangent to D$; 
v) if C is the union of a line and a twisted cubic tangent in 1 point, £ is a 
quadritangent to D3. 

No other cases for C can arise. 

Corollary 2.3. The bitangents of S are exactly the pencils of quadrics containing 
a line. 

We can proceed with the proof of Proposition 12.11 

Proof of Proposition \2. li We can assume that S is given by the above construction. 
We explicitly show a map 

tt: S' -> Bits' 

which is generically 2:1, and whose associated involution is exactly l. This will 
give the birational map between F and Bit(S'). 
Let 

(x,y) eS'c P(V) x F(V). 
Then x 7^ y, as we have remarked, so we consider the line r = xy. We claim that 
for (x, y) S S 1 generic, there is a pencil £ of quadrics containing r. Granting this 
we define n(x, y) = £. Indeed, by Corollary 12.31 we see that a pencil of quadrics 
whose base locus contains a line is in fact a bitangent to S. 

To show the claim we observe that for each quadric Q £ A we have q{x, y) = 0, 
so if Q contains x and y it contains the whole line xy. So if x and y impose 
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independent conditions on A, the locus of quadrics containing r is a pencil. If this 
is not the case, then every quadric of A containing x contains y too, so there is a 
net A' C A of quadrics containing r. The generic A does not contain such a net, by 
a dimension count. 

Since by construction ir(x, y) — ir(y, x), we obtain the desired map 

tt' : F -f Bit S. 

It remains to show that 7r' is birational. 

Again, by the description of bitangcnts to S given above, we have to prove the 
following: on the generic line r contained in a pencil i C A of quadrics there are 
exactly two points x, y with the property that 

q(x, y) = for all Q e A. (2.1) 

This is a simple computation of linear algebra. □ 

For our argument we need some information on the finite set T. Let 

w: A — *• |0a v (2)| 
be the second Veronese map. We aim to prove: 

Proposition 2.4. For a generic choice of A, the 10 points in v{T) are projectively 
independent. 

Another way to restate it is saying that T is not contained in any quadric. 
Recall that we have taken some 3-dimensional subspace A C |C?p 3 (2)I an d defined 
T = D 2 n A, where 

D 2 = {Q\ rkQ < 2}. 

So our first remark is the 

Lemma 2.5. D 2 is not contained in any quadric. 

Proof. Indeed it is well known that the ideal of D 2 is generated by the determinants 
of the 3x3 minors of Q, which are cubic equations. □ 

We now try to argue by descending induction on linear sections of D 2 . We shall 
use the following two lemmas. 

Lemma 2.6. Let X C P™ a variety. Assume that X is not contained in any quadric 
and that X is linearly normal, that is, /i (P™,Xx(l)) = 0. Then for the generic 
hyperplane H, the linear section H n X is not contained in any quadric of H . 

Proof. Consider the exact sequences 

► O pn (1) ► (2) ► O h (2) ► 

► Ox(l) ► O x (2) ► Oxn H (2) ► 

obtained by twisting the defining sequences for H in P™ and for X n H in X by 
0(2). These induce a commutative diagram of long exact sequences 

► H°(O p -(1)) ► H (O P n(2)) ► H°(O h (2)) ► 

1" [P J.7 
► H°(O x (l)) ► H°(O x {2)) ► H a (OxnH (2)) ► • • ■, 
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where we have used that H 1 (Opn(l)) — by Kodaira vanishing. 

Our hypothesis tell that a is surjective and that [3 is injective, while the thesis 
amounts to saying that 7 is injective, which is just a matter of diagram chasing. □ 

Lemma 2.7. Let X C P n a variety. Assume that X is linearly normal and regular, 
that is, h (X, Ox) — 0. Then for the generic hyperplane H , the linear section HnX 
is linearly normal. 

Proof. We consider the same exact sequences of the previous lemma, this time 
twisted by 0(1). Their associated long exact sequences yield the diagram 

► H°(O r n) ► ff°(0 P n(l)) ► H (O H (l)) ► 

► H°(Ox) ► H\O x {l)) ► H {O XnH {l)) ► 0, 

since both P" and X are regular. 

This time our hypothesis is that a is surjective, and by diagram chasing we get 
that (3 is surjective too. □ 

It is now clear how we want to use the previous lemmas to prove Proposition ^. 41 
by descending induction. To get from H X (X, O x ) = to H l (XV\H, X hh) = we 
would like to use Lefschetz's theorem on hyperplane sections. The only obstacle is 
that the latter works for smooth varieties, while we are starting from the singular 
variety Z?2- 

To overcome this difficulty we pass to a smooth double cover of Dy,. Namely, 
since every quadric of rank at most 2 is the union of two planes (maybe coincident) 
we can identify D2 with the symmetric product (P 3 )( 2 ). 

In even more explicit terms consider the Segre embedding of P 3 x P 3 ; this is the 
map 

s: P 3 x P 3 -> P 15 = P(H°(P 3 ,0 p3 (l)) 2 ) 
defined by sections of 

£ = O,3(1)0O P (1). 
If one restricts to symmetric sections, one obtains a map 

t: P 3 x P 3 -> P 9 =P(Sym 2 H o (P 3 ,0 p3 (l))) = P(tf°(P 3 , p3 (2)) , 

which is a 2 : 1 covering of D2, ramified over D±. 

We can use this to prove the induction basis, as in the following two lemmas. 

Lemma 2.8. D2 is linearly normal. 

Proof. We must show that every section a G H°(D 2 , O d . 2 (1)) lifts to P 9 . The 
section 

t*{a) e H°{P 3 x P 3 ,£) 
is of course symmetric. Since the map t is given by the linear series of all symmetric 
sections of C we see that a comes from a hyperplane section of P 9 . □ 

Lemma 2.9. D2 is regular, that is, H 1 (D2,Od 2 ) = 0- 

Proof. We start from the fact that P 3 x P 3 is regular: this follows by the Hodge 
decomposition, since P 3 x P 3 is simply connected. We want to apply the Leray 
spectral sequence to the morphism 

t: P 3 x P 3 -> D 2 . 
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We first remark that 

R l t r (Op3 x p3) = 

for all i > 1 by [Har77( Cor. Ill .11.2], since t is finite. 

Let i be the covering involution on P 3 xP 3 . We have an action of i on i»(0p3 X p3), 
so we can decompose 

t*(Op3 xP 3) = Od 2 ©£, 

where £ is the subsheaf of eigensections with eigenvalue — 1 . 

By what we have said the Leray spectral sequence degenerates at E 2 , and we 
have 

H\¥ 3 x P 3 ,G P 3 XP3 ) = H\D 2 ,UO p3xp3 ) = H\D 2 ,0 D2 ) ®H x (Od 2 ,£), 
so we deduce that H 1 (D 2 , Od 2 ) =0. □ 

Proof of Proposition \2.4\ We know that D 2 is not contained in any quadric by 
Lemma |2.5[ and that it is linearly normal by Lemma 12.81 

Take a generic hyperplane section of D 2 , call it X. By Lemma \2. 61 we see that 
X is not contained in any quadric. 

Let Y = t^ 1 (X); since X is generic, Y is smooth, and we can apply Lefschetz 
theorem on hyperplane sections to deduce that Y is regular. We can then argue as 
in Lemma \2. 91 to prove that X is regular too. 

Finally we use Lemmas 12.91 and 12.71 to prove that X is linearly normal. 

Then we pass to a hyperplane section of X and so on, as long as we are in the 
dimension range where we can use Lefschetz theorem. After four steps we find a 
surface S C D 2 which is regular, linearly normal and not contained in any quadric. 
In the next step we find a curve C which is only linearly normal and not contained 
in any quadric. Finally a last application of Lemma [2TB1 yields a finite set of points 
T which is not contained in any quadric. □ 

3. Degeneration of double EPW sextics 

3.1. An involution over S^. We begin with a classical example of Beauvillc, 
from Bca83, sec. 6]. Let U be a vector space of dimension 4 and let 

G = Gr(2,f/) 

be the Grassmannian of lines in P({7) = P 3 , which is a quadric in P 5 under the 
Pliicker embedding. 

Let S C P 3 = P(U) be a quartic. Each cycle Z S S [2] determines a line f z C P 3 : 
either the line joining the two points in Z, if it is reduced, or the line passing 
through the unique point in Z with the given tangent direction. This yields a 6 : 1 
morphism 

s m > g, 

Z\ >£ z - 

Assume that S does not contain any line. There is an involution 
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which makes the following diagram commute: 



S[2] -j L> S^l. 




The involution i is defined as follows. Let subscheme Z determine the line £z', then 

l z ■ S = Z + Z' 

for some subscheme Z' C S of length 2. We define i(Z) = Z' . 

Now assume that S contains a line £; then contains P = £( 2 \ which is 
isomorphic to P 2 . In this case one can define the involution i as above, but it 
becomes only birational, since it is not defined along P. One can easily check that 
in this case i is in fact a biregular involution, followed by the Mukai flop along P. 
The construction generalizes to the case where S contains a finite number of lines; 
for details we refer to |Bea83j . 

The case we are more interested in is when S does not contain lines, but assumes 
some singularity. First suppose that So is a quartic with an ordinary double point 
p, and let S be the blowup of So at p, so that S is smooth K3 surface. 

We want to exhibit a map analogous to tp, with S^ in place of S ^- Let £ C S 
be the exceptional divisor; then £ is a conic, hence a smooth rational curve. We let 

P = l m c5 p] j 

then P is isomorphic to P 2 . We have a rational map 

V?': S^ - -> G 

defined as above; since all points of i are mapped to p, tp' is undefined exactly on 
P. Let X be the Mukai flop of S^ along P; we claim that we have a regular map 

tp: X -> G, 

such that 




G 



commutes. 

We only have to define cp at points of P v . By definition of the Mukai flop, X is 
obtained by S^ by first blowing up along P and then contracting the exceptional 
divisor E along the other fibration. Let us call X the blowup of S™ along P. Then 
we have 

E = YN P/S[ 2 U 
so a point of E is a couple (Z, [«]), where 

Z G l {2) and v E T Z S [2] /T Z P. 

Assume for simplicity that Z = q\ + q2 is reduced; then 

TzS [2] /T z P = {T qi S/T qi £) © {T Q2 S/T q2 £). 
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The kernel of the differential 

de q ^. T qi S ^ T p P 3 

is exactly T qi i, so the differential identifies each factor T qi S/T qi £ with its image, 
which is exactly the (tangent of the) line trough p corresponding to the direction 
qi S I. 

The lines corresponding to q\ and q2 span a plane IlcP 3 through p, and the 
direction [v] identifies a line £z C II. The construction carries over to the case 
where Z is not reduced, so finally we get a regular map 

sending Z to lz- 

Following the definitions, one can see that <p is constant along the fibers of the 
other blowup X — » X, so it descends to the desired regular morphism 

ip: X -» G. 

One can finally extend this construction to cover the case where So has finitely 
many ordinary double points; in this case one has to introduce a Mukai flop for 
each singular point. We do not describe the details, as they are only notationally 
heavier than in the case of one point. 

3.2. Triple quadrics as EPW sextics. We now discuss in which way the above 
examples may be seen as degenerations of double EPW sextics; this construction 
is present in [O'Gj . Recall that our quartic surface S lives inside P(U), where U is 
a vector space of dimension 4. We take the vector space V = f\ U . Then inside 
P(/\ 3 V) we have the Grassmannian Gr(3, V), by the Pliicker embedding. 
To each [u] € F(U) we can associate the subspace 

u au e Gr(3,A 2 c/); 

this gives an embedding 

4+ : F(U) ^ Gr(3, V) C P(A 3 V). 

Remark 3.1. Any two subspaces in the image of l + intersect along a line; more 
precisely t + ([«o]) and intersect along the line generated by Uq A ui. If we 

see the Grassmannian Gr(3, V) as a parameter space for planes in F(V), this means 
that we have a 3-dimcnsional family of planes, parametrized by P(i7), such that 
any two planes in the family have non-empty intersection. 

Lemma 3.2 (O'Grady). i+(P(t/)) spans a subspace ofP(/\ 3 V) which corresponds 
to a isotropic subspace 

A + (U)cA 3 V. 

Proof. Let 

a,f3 e A + (U) c A 3 V; 
we have to check that a A (3 = 0. Of course it is enough to verify this on a set of 
generators; hence we can assume that 

[a] = i+(u ), [13] = L+(ut) 

for some [uo], [ui] € ¥(U). By the remark above 

V = i+{u Q ) + i + {u x ) C V, 
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so a A e A 6 V = 0. □ 

We'd like to verify that A + (U) is actually Lagrangian. In order to do this we 
need to introduce the symmetric construction. This is easy: since diml^ = 6, we 
have a canonical isomorphism 

Gr(3,V) = Gr(3,F v ). 

Now we can repeat the construction using U y in place of U, and then use the 
identification above. In the end we find an embedding 

i_: P(C/ V ) ^ Gr(3,F). 

By the same argument, any two planes in the image of i_ are concurrent, and 
so we get another isotropic subspace A- (U) C f\ V. We wish to prove that 

A 3 V = A+(U) © A-(U); (3.1) 

in particular this says that both A + (U) and A_(U) have dimension 10, hence they 
are Lagrangian. 

The above decomposition will be more apparent if one regards all involved vector 
space as <SX(/7)-modules. Let L be the line bundle on Gr(3, V) which induces the 
Pliicker embedding. One checks directly that 

By duality it follows that 

L*_{L)^O nu ^{2). 
Now the global sections of the involved line bundles are 

J ff (P((7),O P(c/) (2)) = Sym 2 U\ 
ff°(P(t/ v ), 0,(^(2)) = Sym 2 U, 

#°(Gr(3, V),C) = i/°(P(A 3 V), Pp (a » v) (1)) = A' ^ v = A 3 (A 2 

and these are all S'L(?7)-modules. Moreover the embeddings t+ and i— are equi- 
variant under the action of SL(U), hence the induced maps on sections 

L%: H°(Gx(3,V),jC)^H°(¥(U),O nu) {2)) and 

H°(Gt(3,V),C) - i/°(P(C/ v ),0 P(C /v ) (2)) 

are morphisms of SX([/)-modules. Since both Sym 2 U v and Sym 2 U are irreducible, 
these maps must be surjective. 

Comparing the dimensions, we obtain an isomorphism of SL(U)- modules 

A 3 (A 2 U v ) S Sym 2 U y ® Sym 2 U, (3.2) 

which must then be the decomposition into irreducible factors of f\ 3 {f\ 2 U v ). 

It follows that any section of L on Gr(3, V) which restricts to both on the 
image of i+ and on the image of t_ is itself 0. In other words the image of t+ and 
the image of i- span the whole P(A 3 V). We deduce that the decomposition given 
by (|3.1|) holds, and in particular A+(U) and A-(U) are both Lagrangian. 

Associated to a Lagrangian subspace we have an EPW sextic. This is given by 
the following 

Proposition 3.3 (O'Grady). Let the notation be as above. Then 

Y A+(U) = Y A-(U) = 3G. 
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Proof. We omit the check that Y — Ya + !u) is not the whole P(V). By construction 
Y is invariant under the action of SL(U) on V — f\ 2 U. This group acts transitively 
on the Grassmannian G; since Y meets G, it contains the whole G. Actually, since 
SL(U) is connected, this holds true for every irreducible component of Y. 

It follows that Y — kG for some k, and comparing the degrees we find k = 3. □ 

Since any two smooth quadric in P(V) are projectively equivalent, we see that 
for every smooth quadric Q C P(V) the non-reduced sextic 3Q is EPW. 

4. The deformation argument 

Now we want to connect the preceding examples. Namely, with the notation of 
the preceding section, we want to prove that as the generic Lagrangian subspace A 
degenerates to A+(U), the corresponding double EPW sextic Xa deforms to S^ 2 \ 
and the fixed locus of the involution Za deforms to Bit(S). 

4.1. The smooth case. The result is the following. 

Proposition 4.1. Let S C P be a smooth quartic. Then there exists a smooth 
complex variety U of dimension 20 with a marked point and a family 

ttx ■ X -> U 

such that 
i) Xq = SW and 

ii) there exists a divisor D C U such that X t = Xau) is a smooth double EPW 
sextic for each t € U \ D . 

Letting Z be the fixed locus of the involution of X, we get: 

Corollary 4.2. There exists over U a family 

tt z : Z -> U 

such that Zq = Bit(5) and for t 6 U \ D 

Zt = Z A (t) — ^A(t)[2]. 

Corollary 4.3. Every smooth double EPW sextic is an irreducible symplectic va- 
riety. 

Proof of Proposition \4-l\ Let V be a local semiuniversal deformation space of S^; 
it is smooth of dimension 21. Let h e Pic^ 2 !) be the divisor class associated to 
the map /. By the local Torelli theorem the locus U C V parametrizing those 
deformations such that h remains of type (1,1) (and so remains the class of a 
divisor) is a smooth hypersurface. After restricting U we can assume that we have 
a family 

ttx ■ X — > U 

of polarized irreducible symplectic varieties (X t ,h t ) such that (h t ,h t ) = 2 for the 
Beauville-Bogomolov form. 

Let ip be the Beauville involution on S^. By the remark in section 4.1.3 of 
|O'G05| this extends to an involution (p t of X t . Consider for every t G U the 
quotient 

Y = X t /ip t . 
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There is a divisor H' t on Yj such that 

<pt( Cl (Hi)) = h t . 

This is because the involution fixes h t ; more precisely 

rt-.H 2 {X- tl Z)^H 2 (X- u Z) 

is the reflection in the span of h t , see |O'G051 Sec. 4.1.3]. 

Since Y' has terminal singularities and Ky> = 0, we can apply a variant of the 
Kodaira vanishing theorem for singular varieties, for instance Theorem 1 — 2 — 5 in 
[KMM87j . to conclude that 

h l (Y u H' t )=0 

for all i > 0. It follows that h°(Y u H' t ) = x(Y t , H' t ). Let H t be the pullback of H' t ] 
we claim that 

X {X u H t )= X (Y u H' t ) 

for all t e U . Indeed by flatness we can prove it just when t — 0, and in this case 
it is clear. Applying Kodaira vanishing on X t we conclude that 

h°(X t ,H t ) = h°(Y t ,Hl). (4.1) 

We claim that there is some t £ U such that (Xj, hj) satisfy the conclusions of 
Proposition 3.2 of O'G08b . Indeed we have (1) by definition, and (5) holds for 
every t by Proposition 3.6 of the same paper. 

Moreover (2) and (4) are satisfied outside a countable union of proper subvarieties 
of U by the local Torclli theorem. Finally (3) and (6) follow formally from the other 
points, as in the proof of Proposition 3.2 of the same paper. 

O 'Grady then classifies polarized irreducible symplectic varieties numerically 
equivalent to (this means that their H 2 , endowed with the Beauville-Bogomolov 
form, are isomorphic lattices, and that the Fujiki constants are the same) which 
satisfy the conclusion of Proposition 3.2. Namely let (X, H) be such a polarized 
variety, and consider the map 

f:X-* \H\\ 

Then \H\ y = P 5 , and there are two cases for /. Either it is birational on the image 
Y , or it is everywhere defined and the map 

f:X^Yc \H\ y 

is the quotient by an anti-symplectic involution on X, and Y C \H | v is a sextic. 

Now apply all this with X = Xj. We want to exclude the first case, and we 
proceed as follows. Let 

tt: X- t ^Y- t =X- t l n 

be the projection. We have an injective pull-back map 

ir*:H°(Y T ,Hi)^H°(X T ,H T ). 

By (|4.1|) the dimensions on the two sides are the same, so tt* is an isomorphism. 
But then the map / factors through the projection 

X -> Y', 

so it cannot be birational. 

The condition of having a 2 : 1 map on a sextic of P 5 is open by [O'G05, Prop 
3.3], so it follows that for t outside a divisor D the same conclusion holds. Finally 



THE CHOW RING OF DOUBLE EPW SEXTICS 



19 



O'Grady shows in |O'G06j that the sextics thus obtained are all EPW sextics, so 
we are done. □ 

4.2. The singular case. We now want to extend the result to the case where S 
has finitely many singular points. Our aim is to invert the construction given in 
Remark 11.171 

Proposition 4.4. Let Sq C P 3 be a quartic with k nodes and no other singularities. 
Then there exists a smooth complex variety U with a marked point and a family 

nx ■ X -> U 

such that 
i) Xq is birational to S and 

ii) for t £ U generic, X t — ^-A{t) * s a singular double EPW sextic; more precisely 
A(t) contains f\ 3 Wi for k distinct choices of Wi C V of dimension 3. 
Moreover one has a family 

tt z : Z -> U 

such that 
i) Z{) is birational to Bit(S'o) and 

ii) Z t is isomorphic to Zau\ = Y^(t)[2] for t € U generic. 

Before turning to the proof, we give some reference diagrams, which summarize 
the diverse varieties and maps introduced in this section and in Subsection 13. 11 To 
minimize the clutter, there are three different diagrams. 



((2) = p 




(4.2) 



S cXq 




Gr(l,P 3 ) C \H\ 



* Y = X /io 



(4.3) 



St cx t 



tpH t 



Y t C \H t 




Y t = Xt/it 



(4.4) 



Lemma 4.5. Let S be a smooth connected surface, f : D — > S a fibration with fiber 
P 1 , and assume we have a local deformation ttd- T> — » U of D over the base U. 
Then, up to restricting U, each fiber Dt has the structure of a fibration ft: Dt — > St, 
where St is a deformation of S. 
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Proof. Let P be the Hilbert polynomial of a fiber of / and consider the relative 
Hilbert scheme 

ir H :H = m\h p (V/U) — ► 17 

parametrizing subvarieties of the fibers of 7175 with Hilbert polynomial P. It is 
known that H is proper over U. 

Let £ be a fiber of /, and regard £ as a point of 7r^ 1 (0). The fibrations / and ttd 
respectively show that 

Af e/D ^Oj and Af D/ v\ e = O e . 
Since Ext 1 (C^, Of) = 0, the exact sequence 

>ATi/ D >Ni/t> >N D/T) \ t >0 

shows that A/^/p = Of , in particular 

h°{£,M l/v ) = 3 and h 1 ^,^/^) = 0. 

From deformation theory it follows that 7i is smooth of dimension 3 at £. 

Since this holds for all £ in the central fiber we see that 7i is smooth along the 
central fiber. By properness of H, the singular locus of H projects to a closed subset 
of U not containing 0, so up to restricting U we can assume that H is smooth. 

The Hilbert scheme H is endowed with a universal family C with maps 



C 




U V. 



Here C comes with a proper map nc- C — » U, and the maps a and (3 commute with 
the projections to U. 

By hypothesis S is isomorphic to a component of 7r^ 1 (0); up to replacing 7i with 
one of its connected (hence irreducible) components we can assume that 7r ( ^ 1 (0) = 
D = 7T J3 1 (0). In other words (3 is an isomorphism over 0. As above we can use 
properness of C and V over U to assume that /? is an isomorphism everywhere. 

Then the map a o fi^ 1 : V — » H is the required fibration; more precisely letting 
S t = 7r^ 1 (i) this restricts to a map f t : D t — » S t for every t G U. □ 

Assume that has only one node p, and let S be the blowup of So at p, so that 
S" is a K3 surface. We let £ be the exceptional divisor of the blowup; since p is a 
node it is a smooth conic, in particular isomorphic to P 1 . 

The symplectic variety S [2] contains P = £^ = P 2 ; let X be the Mukai flop of 
P. We want to show that X contains a divisor D with a fibration /:£)—» S with 
fiber P 1 . 

Let D' C S^ be the divisor given by 

D' = {Z e S [2] I Supp(Z) n £ ^ 0}. 
There is a rational fibration 

ip: D' — + S 

which can be described as follows. The generic point q + r e D' has q e £ and r £ £; 
we set ?p(q + r) = r. The generic fiber of tjj is £ = P 1 . 
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We recall that there is a natural injective morphism of Hodge structures 

ju: H 2 (S,Z) ^ H 2 (S [2] ,Z), 
which is an isometry of lattices (see for instance []). In this notation we have 

[£>'] =ji(l) eH 2 (S [2] ). 

We also let 

H' = Ji(Os(l))eH 2 (sM). 
Then, since Jl is an isometry, we have 

q(D',D') = -2, q(D',H')=0. 
We let D, H be the divisors on X corresponding to D', H 1 respectively. 
Lemma 4.6. The rational fibration tp induces a regular fibration 

f-D^S. 

Proof. Let X be the blowup of along P, so we have a diagram 

X= B1 P S [2] 




X. 

Let D C X be the strict transform of D. 

Let q + q' e P = £^ with q ^ q' . Then we have the identification 

Pl\q + q') = P(A/"p/sPlW = HWt/s) q © Wi/s) q >)- 

We have already remarked that, via the differential, (Afe/s)q is identified with the 
line r q through p corresponding to q itself, and the same remark applies to q' . So 
a point x e P\ l {q + q') defines a line l(x) in the plane spanned by r q and r' q . 

When x G D the line l(x) is in the tangent cone to So in p, hence a point of I. 
We let ip(x) be this points. If we let 

when pi (x) £ P, we obtain a map 

i>: D -» S 

which resolves the indeterminacy of ip. Actually we did not cover the case of a 
point 2q S P, but that is easy: we can just let ^(a;) = q for any x E n^ 1 (q); this 
fits well with our definition when q ^ q' '. 

It remains to check that if) descends to a map from D, and in order to do this 
we have to identify the fibres of p 2 ■ The dual plane P v can be identified with the 
P 2 parametrizing lines through p; in this way the fibration over P v is just the map 
described above, sending x £ p : l 1 {P) to the line l{x). 

Indeed let E C X be the exceptional divisor, so that E can be identified with 
the incidence variety inside P x P v . The map 

I : E — » {lines through p} 

is a P 1 fibration over P 2 , and the only such fibrations are the projections on P and 
P v . 

So we see that by construction ip descends to P. □ 
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Thanks to the two lemmas we conclude the following. Consider the locus U 
inside the local semiuniversal deformation space of X parametrizing deformations 
which keep D and H of type (1,1). By the local Torelli theorem U is smooth of 
dimension 18. For t £ U denote X t the corresponding deformation of X; we have 
deformations D t of D and H t of H inside X t . 

More precisely we have a family ttx ■ X — > U with two divisors V and Tt which 
restrict to D t and H t respectively on each fiber. Moreover we have a fibration 
/ : V — + S with fiber P 1 , which restricts to fibrations ft : Dt — > St on each fiber; for 
t = this gives the fibration D — > S of Lemma 14.61 

We now analyse in more detail the family X. We will allow ourselves to restrict 
U when necessary. 

Lemma 4.7. The divisor H is big and nef. In particular 

H l (X,H) = 

for i > . 

Proof. We have shown in Section [3] that sections of H define a regular map 

(p H : X^F 5 : 

in particular H is base-point-free, and so it is nef. Since q(H, H) > it is also big. 

The last claim follows from Kawamata-Viehweg vanishing and the fact that Kx 
is trivial. □ 

Corollary 4.8. For every t 6 U we have 

h i (X t ,H t )=0fori>0 and h°(X t ,H t )=6. 

Proof. We know that this holds for t = 0. By semicontinuity we have h l (X t , H t ) — 
for all small t. Moreover by flatness we see that x{Xt,Ht) is constant, and so 
h°(X t ,H t ) is constant too. □ 

Now we consider the (relative) linear system defined by TL We have just shown 
that the sheaf (ttx)*(H) has constant rank 6; hence it is a vector bundle on U. We 
have a map 

which restricts to evaluation of sections on each fiber. We know that on the central 
fiber 

ip H :X^F(H v ) 

does not have base points; since the base locus of ip-j-i is closed and the projection 
ttx is proper we see that 

<p Ht : X t -> P(H?) 

does not have base points for all small t; we restrict U accordingly, so that this 
holds for all t E U. 

Consider now the Stein factorization of (pu t , given by 



X t —^\H t p 
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Lemma 4.9. The variety Xt is obtained from Xt by contraction of Dt along the 
fibers of f t : D t —> S t . 

Proof. By definition of the Stein factorization, g t has connected fibers and (p t has 
finite fibers. So we just need to prove the fibers of ft are the only curves contracted 
by ipH t ■ A curve C C X t is contracted by ifH t if and only if H t ■ C — 0, and this 
happens exactly for the fibers of ft- □ 

Remark 4.10. There is another way to obtain this diagram, using the Cone theo- 
rem ( |KM98[ Theorem 3.7]). Since Kx t is trivial we work with the pair (X t , \Dt)] 
this is Kawamata-log-terminal since X t and D t are smooth. By the theorem, the 
D t -negative part of the Mori cone is generated by the classes of rational curves on 
X t . Any such curve C is contained in D t , so it is either a fiber of ft or it projects 
to a rational curve on S. However in the second case the intersection H t ■ C > 0. 

This shows that the hyperplane H t = cuts the Mori cone precisely on the ray 
containing the class of the fibers of ft- We can then perform the corresponding 
extremal contraction to obtain a variety X t . Since H t = on the contracted ray, 
the associated line bundle Ox t (H t ) descends to X t . Moreover every section of 
Ox t {Ht) is constant along the fibers, since these are rational curves and Ox t (H t ) 
has degree on them. We deduce that every section in H°(X t ,Ox t (Ht)) comes 
from Xt, so ipu t factorizes through Xt. 

Lemma 4.11. For generic t &U the map 



is 2 : 1 on a sextic Y t of P 5 . 

Proof. We have verified that for t = the map is 6 : 1 on a quadric, namely the 
Grassmannian Gr(l,P 3 ) embedded by the Plucker map. In particular 



and since this is constant with t we get Hf = 12 for all t. So it is enough to show 
that ipt is 2 : 1 for generic t. 

Consider the rational involution --■> defined in Section[3l This induces 
a regular involution 



By the remark in section 4.1.3 of |O'G05| this extends to an involution it of Xt- One 
verifies that it sends each fiber of ft to itself, thereby defining a regular involution 



We let Y t be the quotient of X t by this involution. The same argument as in the 
proof of Proposition 14.11 shows that we have a factorization 




i: X ->X 



i t : X t — ¥ X t . 



X< 




Now the map 



: % -» P 5 
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is 3 : 1 on a quadric, so for every t the map ipt can either be 3 : 1 or birational. We 
only need to show that the former only happens for t in a Zariski closed subset of 
U. 

If ipt is 3 : 1 there is a ramification divisor E t <zY t \ indeed Y t is a normal variety 
with = 0. Let E[ C X t be the preimage of E t . This is a divisor which is a 
deformation of E' . But by the local Torelli theorem the subset of U for which E' 
remains of type (1,1) is a divisor in U. □ 

Corollary 4.12. For generic t G U the variety X t is a double covering of an EPW 
sextic Y t . 

Proof. We have constructed a map 

<Pt: X t ^P 5 

which is 2 : 1 on a sextic. We need only to show that the sextic thus obtained is an 
EPW sextic. 

For this we can adapt the arguments of O'G06, Theorem 5.2]. □ 

So we see that from the smooth irreducible symplectic variety X t one obtains 
a singular EPW sextic by first contracting the divisor D t along the fibers of the 
fibration f t and then taking the quotient by the involution. 

We need one more 

Lemma 4.13. Assume that the EPW sextic Ya contains a plane H = P(W). If 

i) Ya is singular along II; 

ii) U<£Y A [2); 

Hi) the singular locus ofY A has dimension at most 2 
then 

Ad /\ 3 W. 

Proof. Let [w] € P(W) \ Y A [2]. By the description of the singularities of Y A in 
Proposition 1 1 . 51 we know that there exists some W C V of dimension 3 such that 
A 3 W C A and [w] G F(W'). 

Assuming W' never equals W we find a 1-dimensional locus of subspaces W C V 
such that /\ 3 W C A; but then the singular locus of Y t has dimension at least 3. □ 

Now we can finish the proof of Proposition 14. 4\ showing that the EPW sextics 
Yt obtained above are actually in S. First we remark that S is a degree 2 K3, with 
natural 2 : 1 map to P 2 , namely projection from p. This map is induced by the 
divisor h — £, where h G 05(1). By construction both h and £ remain of type (1,1) 
in St, so each St is a degree 2 K3 surface. 

More precisely we can observe that S t , being the contraction of D t , has a natural 
embedding in X t . 

Lemma 4.14. If one considers St C X t , then the degree 2 map above is just the 

restriction ipt I . 

1 St 

Proof. It is enough to check this for t = 0, so we only need to show that the divisor 
Hq on Xq which induces (fo restricts to h — i on S. Recall that Hq is induced by 
the divisor H on X. The map 

<p \ n .D^V 2 



THE CHOW RING OF DOUBLE EPW SEXTICS 



25 



is just the map I appearing in the proof of Lemma l4.6[ so it contracts the fibers of 
the fibration 

f:D^S; 

this gives the desired map S — > P 2 . Keeping track of the various constructions one 
realizes that this is just projection from p. □ 

Corollary 4.15. Let Yt be one of the EPW sextics described above, say Yt = Ya- 
Consider the plane II = ip t (St), say U — P(W) for some W C V. Then 

A 3 W C A. 

Proof. We want to apply Lemma [4.131 First, we have to check that II <£ Ya[2]; 
this amounts to saying that St is not contained in the ramification locus of the 
projection X t — > Yt. This holds because the map ipt has degree 2 both on Xt and 
on St. 

Second, we need to show that Y t is singular along P. Indeed X t is singular along 
St; this can be checked locally using the fact that X t is the contraction of the fibers 
of ft- On the generic point x € St the covering (p t is not ramified, hence the germ 
of X t along x is the same as the germ of Y t along ip t {x), showing that Y t is singular 
in ipt(x). Since the singular locus is closed we deduce that Y t is singular along II. 

Finally, the same argument shows that Y t is singular along the branch locus of 
(ft and the image of St- Since St is a surface, if we show that the branch locus of 
(ft has dimension at most 2, we deduce that the singular locus of Y t has dimension 
2. 

Consider the involution it of Xt; this is an antisymplectic involution, hence the 
fixed locus Z t of it is an isotropic subvariety of X t . In particular Z t has dimension 
at most 2, and the branch locus of ipt is just the image <pH t (Zt), so we are done. □ 

We have now shown that Y t is a member of S, thereby proving Proposition 

m □ 

We want to be more precise in the case k > 1. Given a point p € P 3 consider the 
set Hp of lines through p. This can be regarded as a plane inside the Grassmannian 

Gr(l,P 3 ) C P 6 , 

so it yields a point H p £ Gr(2,P 6 ). This gives a map 

p: P 3 >Gr(2,P 6 ). 



p\ > Hp 

By direct computation one sees that p is just the composition of the second Veronese 
map 

v : p 3 _> p 10 

and a linear embedding P 10 P 19 . 

One can see this without computations in the following way. Let for a moment 
P 3 = P(U). Then by the results of the previous Section, the map p is just the 
composite of the second Veronese map with the inclusion 

P(Sym 2 ([/))wP(A 2 (A 3 (t/))) 
induced by the decomposition (|3.2[) . 
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Corollary 4.16. Assume So C P 3 is a quartic with k nodes px, . . . ,pk- Assume 
that the images of pi , . . . , pk under the second Veronese map v are protectively 
independent. 

Let X t be one of the singular double EPW sextics constructed above, say X t = 
XaU), and let W\, . . . , Wk C V be the subspaces of dimension 3 such that 

/\ 3 WiCA(t). 

Then W\ , . . . , Wk , regarded as points on 

Gr(3,V0 cP(A 3 n 

are projectively independent. 

Proof. Let S be the blowup of So at pi, . . . , pk and let Hi = P 2 be the set of lines 
through pi. Consider the projection from pk 

TTk ■ S — > Hf, 

this is 2 : 1 map, and we have shown that it deforms to a 2 : 1 map St — ► P(Wj); 
hence it is enough to verify that Hi, . . . , Hk are projectively independent. But this 
is exactly our hypothesis. □ 

We now define a special component of Eio C L(G(/\ 3 V). Starting from any 
quartic surface S with 10 nodes, one can perform the above construction and obtain 
a singular EPW sextic Ya- In particular Ya[2] is a deformation of the surface of 
bitangents Bit (S) 

If we now choose a quartic surface S given by the construction in Section [2] we 
know that Bit (5) is birationally Enriques, hence the same holds for Ya[2]. We know 
that there are subspaces W\ , . . . , W\o C V of dimension 3 such that 

A 3 Wi C A, 

and by Proposition 12.41 and Corollary 14.161 we see that these 10 subspaces are 
independent as points on Gr(3, V). 

Definition 4.17. We let E' 10 be the irreducible component of Eio containing A. 

Of course the component does not depend on the particular EPW sextic Ya that 
we have chosen. We now sum up what we need for later use: 

Corollary 4.18. There exists a component E' 10 of Eio, having codimension 10 
in LG(/\ V), such that Ya[2] is birational to an Enriques surface for the generic 
AGS' 10 . 

In particular we note: 

Corollary 4.19. For the generic A G E' 10 the 10 decomposable forms in A are 
linearly independent. 

5. An Enriques surface inside Ya 

Recall that the locus E' 10 C LG(A 3 V) is given by Definition HTTl We shall 
prove the 

Proposition 5.1. Let A G L<G(A 3 V). There exists B G E' 10 such that 

dim(ylnS)>9. (5.1) 
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Note that the conclusion implies that 

Y B [2]CY A , 

so this exhibits an Enriques surface inside Ya, at least if B is generic in S^q. We 
will prove this result in several steps. 

We begin with the construction of a suitable incidence variety. For the present 
purposes it is irrelevant that the symplectic space is /\ 3 V, so we just consider any 
symplectic vector space E of dimension 2n. We define the incidence variety 

Q = {(A,B)\ dim(A nJ3)>n-l}c TLG(E) x LG(£). 

This has two projections tti and 7T2 over the Lagrangian Grassmannian LG(£J). We 
can find the dimension of f2 by studying the fibers of these morphisms. Let 

Q A =7T^(A) 

be a fiber of m . We consider the Pliicker embedding, and let va £ A" be a vector 
such that [va] = A. 

Lemma 5.2. Under the Pliicker embedding, Qa is a cone of vertex A overP(A v ). 
The latter is embedded in 

P(A n E/{v A )) 
by the complete linear system Op(A v )(2). 

Proof. It is easier to consider the non Lagrangian case first. So consider the bigger 
incidence variety 

= {(A,B) | dim(AnB) > n- 1} C Gr(n,E) x Gr(n,E). 

Accordingly we have the fiber 

h A = {B e Gi(n,E) | dim(AnS) > n- l}. 

We claim that this is a cone of vertex A over 

P(A V ) x P(£;/A). 

First, we give the embedding 

tp: P(A V ) xP(E/A) ^P(A" E/(v A )). 
This is done as follows. Let (U, U') £ P(A V ) x P(E/A), so 

U c AcU' 

with 

dim U = n — 1, dim U' = n + 1 

We choose a basis {wi, . . . , of {/' such that {u\, . . . , u„} is a basis of A and 

{wi, . . . , u n -i} of U. We the set 

<p(U, U') = [m A • • • A m„_i A tt n+ i]. 

It is immediate to see that another choice of basis does not change the class of 
<p(U,U') modulo 

v A = iti A • • • Au n , 

so ip is well-defined. 

Moreover, for fixed U, <p(U, •) gives a linear embedding of ¥(E/A) and vice versa. 
Hence we get a bilinear embedding of the product. 
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Now we have the projection of centre A 

n A :¥(A n E) — P(A" E/(v A )), 
and we can restrict this projection to (l A \ {A}. One checks easily that this is just 

n A : U A \ {A} > F(A V ) x F(E/A), 

B > (B r\ A, B + A) 

thereby proving the claim. 

Now assume that A is Lagrangian. The symplectic form on E identifies E/A with 
A v . A given subspace B G Q A is Lagrangian if and only if, under this identification, 
B n A is identified with B + A. We can consider the diagonal embedding 

P(A V ) -» P(A V ) x ¥{E/A) -> P(A" E/(v A )); 

this is given by sections of Qft A v\(2) because ip is bilinear. 

Moreover fl A is exactly the cone above the image of this embedding, and this 
proves the lemma. □ 

The above lemma allows us to compute the dimension of Q. Indeed we see that 
the fibers of 7Ti are irreducible of dimension n. Since 

dimLG(£;) = 

it follows that fl is irreducible of dimension 

dim Q = n + 

Next we study the tangent space to il. Recall that the tangent space T A hG(E) 
is canonically identified with Sym (^4 V ). We describe the tangent space to fl inside 
the product 

T A hG(E) x T B LG(E). 

Lemma 5.3. Let (A, B) £ £1 with A ^ B, and let U = A PI B. Then fl is smooth 
at (A,B), with tangent space 

T {A , B p - {(q A ,q B ) G Sym 2 (A v ) x Sym 2 (B v ) | g A | p = qeQ. (5.2) 

Proof. The points of f£ outside the diagonal form an orbit under the action of the 
symplectic group. Since this orbit is open, every point (A, B) G Q with A =/= B has 
to be smooth, and this proves the first assertion. 

To describe explicitly the tangent space we start by remarking that the two sides 
of Equation (|5.2p have the same dimension n + ("J 1 ). We have verified that this 
is the dimension of f2, hence the dimension of its tangent space at (A, B) by the 
first part of the proof. That this is also the dimension of the right hand side is an 
immediate computation. 

So we just check that we have one inclusion. Again, it is easier to work out the 
non Lagrangian case first. Namely consider the incidence variety 

Q c Gr(n,E) x Gr(n,E). 
The corresponding statement, that we shall now prove, is the following. 
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Let (A, B) G ^ with A ^ B, and let 

?7 = ylnS, U' = A + B, 
so that dim U = n — 1, dim U' = n + 1. Given any 

/ £ T A Gr(n, S) = Hom(A, E/A) 
we can consider the composition Ja,b G Hom(J7, E/U') given by 

Similarly for £?: given g G TsGr(?i,iS) we consider G Hom([/, E/U 1 ). Then 
the claim is that 

T^ufi = {(/,<?) I f A ,B = 9a,b} C Hom(A, E/A) x Rom(B,E/B). (5.3) 

Let us see how the lemma follows from Equation (|5.3p . In case E has a symplectic 
form and ^4 and B are both Lagrangian, it is immediate to check that U' = U . 
In this case we can identify 

E/U' = E/U 1 - S [/ v . 
If / G Tj\Lfis(E), the homomorphism 

/: A^E/A = A V 

is symmetric, so it restricts to a symmetric homomorphism /a,b- The same remark 
holds for B, so Equation (|5.3p implies Equation (|5.2[) . 

Let us now prove Equation (|5.3[) . By the same dimensional count, it is enough 
to prove one inclusion. Now it is just a matter of unwinding the identification of 
T A Gr(n, E) with Hom(A, E/A). 

Let (A(t), B(t)) be a curve on with 

A(0) = A, B(0) = B. 

We let U(t) = A(t) n B(t); this has dimension n — 1 for all t sufficiently small. So 
we can choose vectors 

ui(t), . . . ,u n -i(t),a(t),b(t) 

such that 

U{t) = («!(*),... ,««_!(*)), 

A(t) = («i(t),...,Un-i(t) s o(t)>, 

B(t) = (ui(t),...,u„_i(t),fe(t)}. 

Choose a subspace C C E complementary to both A and -B. Then the homomor- 
phism associated to the tangent vector A(0) is constructed as follows. 
Since 

E = A © C, 

the subspace Ait), for t small, is the graph of a map f(t) : A — » C. The vector 

i(0) G Gr(n, -E) 

corresponds to /'(0): ^4 — > C. Similarly Bit) is seen as the graph of a map 
g(t): B — > C, and we identify £?(0) with g'(0). The subspace C is then identi- 
fied, by projection, with E/A in the first case and with E/B in the second. 
Now we take a vector v £ U. We can choose functions 

Xi(t), . . . , \ n (t),fll(t), . . .,Hn(t) 
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such that 

f(t)v + v = A x (t)ui(t) + • • • + A„_i(t)u„_i(t) + A n (i)a(i) 
+ w = /ii(t)ui(£) H h ,u n _i(*)u n _i(*) + fi n (t)b(t), 

so that 

/(t)t) - ff (t)« = (Ai(t) - + ' ' ' + 

+(A„_i(i) - // n _i (t))u„_i(t) + A n (t)a(t) - fi n (t)b(t). 

Taking derivatives and using the fact that Aj(0) = fJ-i(O) = for every i, we find 

/'(0)« - g'(0)v = (Ai(0) - m'i(0))mi(0) + • • • + 

+ (A;_ 1 (0) - /i;_i(0))««-i(0) + A;(0)a(0) - <(0)6(0). 

So f'(0)v = g'(0)v modulo U'; in other words the two homomorphisms f a.b and 
9a : b agree. □ 

Now we are ready to prove the main lemma of this section. Of course we choose 
E = /\ 3 V. We let E' 10 be any irreducible component of Sio of codimension 10 in 
LGr(/\ V). We consider the restricted incidence variety 

r = nn(]L<G(/\ 3 v) x e£ ) = {(a,b) \ b e n A }. 

As before we have the two projections 

r 



LG(A 3 V) E' 10 . 

Since p is a fibration over E' 10 with fiber f2#, and since we have proved that 
dimfis = 10 = codim LG( ^ 3 y , E' 10) 

we deduce that 

dimT = dimLG(A 3 V). 
Our ultimate goal is to prove that 7r is a generically finite map. The lemma that 
we shall use is the following. 

Lemma 5.4. Let (A, B) S T and assume that 

i) B contains exactly 10 decomposable forms a\, . . . ,aio, which are linearly in- 
dependent; 
ii) for i = 1, ... 10 the form on £ A. 

Then the differential d/KfA,B) *s on isomorphism. 

Proof. By our hypothesis and Proposition [L4j we see that the tangent to E' 10 at B 
is the subspace T of Sym 2 (I? v ) consisting of those quadratic forms q such that 

q(cti) = for i = 1, . . . , 10. 

Let U = A n B; we claim that the composition 

T-*Sym 2 (B v ) Sym 2 ([/ V ) 

is injective. Here the second map is the restriction on quadratic forms. 
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Indeed assume that a quadratic form q £ T vanishes identically on U; then its 
zero locus is the union of two hyperplanes 

UUU' C B. 

We have assumed that on £ U for every i; it follows that U' has to contain all cti. 
But this is impossible, since we have assumed that they are linearly independent, 
and the contradiction proves the claim. 
We then consider the following diagram 



diTi 



d P(A,. 



•TcSym 2 (5 v ) 



Sym 2 (A v ^ 



Sym^(t/ V ) 



This is commutative by Equation (|5.2|L since r C fl. 
Assume that 

dTT(A,B)V = 

for some v £ Tr^mT. Then the diagram shows that we have also 

dp(AM)V = 0. 

Since 

r c LG(A 3 V) x £' 10 , 

we find that v = 0. 



□ 



Corollary 5.5. Under the same hypothesis, the map tt is generically finite, in 
particular it is surjective. 

Proof. Since we already know that T and LG(/\ 3 V) have the same dimension, it 
is enough to show surjectivity. Assuming that n is not surjective, the image has 
positive codimension in L<G(/\ 3 V). 

By the theorem on the dimension of the fibers it follows that every component 
of every fiber of 7r has dimension at least 1. But Lemma implies that the fiber 
of 7r above A has an isolate point, contradiction. □ 



Now we see that in order to prove Proposition 15.11 it is enough to show a couple 
of Lagrangian subspaces (A, B) which satisfy the hypothesis of Lemma 15.41 For 
then the assertion that the fiber of tt over any A is not empty is exactly the thesis 
of the proposition. 

By Corollary 14.191 we know that the generic B G E' 10 contains exactly 10 inde- 
pendent decomposable forms, up to multiples. Let U G B be any hyperplane which 
does not contain any of them. Then we can find a pencil of Lagrangian subspaces 
A such that 

AHB = U; 

then the pair (A, B) satisfies the hypothesis of Lemma f5T4l and we are done. □ 
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6. COHOMOLOGY COMPUTATIONS 

Let X = Xa be a smooth double EPW sextic. In this section we compute the 
cohomological invariants of X, partly following [O'G08b|. We shall find all relations 
in cohomology between h and the Chern classes of X. In next sections we shall 
show that these relations hold in the Chow ring. 

Let a be the symplectic form on X. Since the canonical of X is trivial 

H 4 '°(X) =H°(X, n 4 x ) 

is generated by a 2 . Moreover it is known that H 3 (X) = 0, so we can compute the 
Euler characteristic 

X(X, O x ) = h°'°(X) + h 2 >°{X) + h*'°{X) = 3. 

The symplectic form on X gives an isomorphism 

t x = njc, 

hence the odd Chern classes vanish. The Hirzebruch-Riemann-Roch theorem for X 
simplifies to 

3 = X (X, Ox) = ^ [c 2 (Xf - \cAX)^ . (6.1) 

We introduce some more notation. Let us call 

geSym 2 (i? 2 (X,Q) v ) 

the Bcauvillc-Bogomolov form of X. Since it is non-degenerate, it allows us to give 
an identification 

H 2 {X,Q) £3 H 2 {X,Q) V 

hence we obtain a dual quadratic form 

q v eSym 2 (H 2 (X,Q)). 

Recall that the cup product yields an isomorphism between Sym 2 (H 2 (X, Q)) and 
H 4 (X, Q), so we can regard q v as an element of H 4 (X, Q). 
O 'Grady proves in |O'G08b| that we have the relation 

q V = |ca(X), (6.2) 
6 

and that for any a, (3 G H 2 (X, Q) we have 

q v ■ a- 13 = 2hq{a,p). (6.3) 
We now work out the relations in the cohomology of X . Let 

h = Cl (ro Y (l))eH 2 (X). 
Proposition 6.1. In the cohomology ring H*(X,Q) we have 

h 4 = 12, h 2 -c 2 (X) = 60, 
c 2 (X) 2 = 828, c 4 p0 = 324. 
Proof. The first and the last relations are easily handled. Indeed 

h 4 = 2dcg(F) = 12. 

As for the last one we have 

c 4 p0 = X {X), 
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and since X is a deformation of , where S is a K3, we have 

X (X) = X (S [2] ) = 324. 
By O'Grady's computations f|(3. 3|) and (|6 - 2[) wc also have 

C 2 (X) ■ h 2 = -q v ■ h 2 = ^-q(h, h) = 60. 
5 5 

Finally we can use Equation (|6.ip to obtain C2(X) 2 = 828. □ 

In degree 6 the only possible relation is a linear dependency between h 3 and 
C2(X) ■ h, and indeed we have: 

Proposition 6.2. There is a relation 

c 2 (X) ■ h = 5h 3 

H e (X,Q). 

Proof. From O'Grady's relation (|6.3[) we get 

6g v • h ■ a = 6 • 25q(h, a) 
for all a 6 H 2 (X). On the other hand, by polarization of Fujiki's relation we obtain 

25h 3 ■ a = 25 • 3 • <?(/i, a) = 6 • 25<?(/i, a). 

So Poincare duality implies that 

25h 3 = 6q v ■ h 

modulo torsion, and using (16. 2|) we get the thesis. □ 

We can instead exclude relations in degree 4: 

Lemma 6.3. The classes h 2 and C2(X) are linearly independent inside H 2 (X). 

Proof. We can substitute C2{X) with its multiple q v . Assume that we have a 
relation 

h 2 + Ag v = 

for some A G C. Then we get 

h 2 a 2 = —25\q(a,a) 

for all a € H 2 {X). By polarization of the Fujiki formula we also obtain 

h 2 a 2 = q(a, a)q(h, h) + 2q(h, a) 2 . 

So if q{a, a) — we obtain q(h, a) = 0. This means that q is degenerate (the quadric 
defined by q would be contained in a hyperplane of PH 2 (X)), contradiction. □ 

Finally, it will be useful to write out the explicit form of Hirzebruch-Riemann- 
Roch, using the above computations for the characteristic classes of X. We let 

Ox(l) = f*0 Y (l). 

Then Ox(n) is ample on X, and since Kx is trivial, Kodaira vanishing yields 

X (X, Ox(n)) = h°(X,O x (n)). 
The formula of Hirzebruch-Riemann-Roch then reads 

h°(X t O x {n)) = h -n± + C ^^n 2 + X (O x ) = \n± + \n 2 + 3. (6.4) 
We have also used a similar computation in Section [3] 
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Lemma 6.4. Let X be numerically equivalent to S^ 2 \ where S isa K3, and let 
e £ H 2 (X) be a class with q(e, e) = —2. Let L be a line bundle on X with cx(L) = e. 
Then 

X (X,L) = 1. 
Proof. By Fujiki relation we obtain 

e 4 = 3-q(e,e) 2 = 12. 
Moreover Equations (|6.2p and (|6.3p yield 

c 2 {X) ■ e 2 = • e 2 = 30g(e, e) = -60. 



So Hirzebruch-Riemann-Roch reads 

7. Everywhere tangent EPW sextics 

Let X — Xa be a double covering of an EPW sextic, endowed with ample line 
bundle 

Ox(l) = f*0 Y (l), 

where as usual 

f-X^Y 

is the double covering. 

Consider the decomposition 

H (X, O x in) ) = H° (X, O x (n) ) + © H {X, O x (n) ) _ , 

where H°(X, Ox(n))± are the eigenspaces relative to the eigenvalue ±1 for the 
action of the covering involution ip. We call the sections in the eigenspaces even or 
odd respectively. In this section we wish to understand from a geometric point of 
view the odd sections of Ox (3). 

Lemma 7.1. The number of odd sections is given by 

h°(X,O x (3))- = 10. 

Proof. This is actually a simple computation using the theorem of Riemann-Roch- 
Hirzebruch. First we remark that even sections of Ox (3) descend to sections of 
Oy(3), so 

h°(X,O x (3))+ = h (Y,O Y (3)). 
By Lemma 17.21 below we see that 

h°(Y, O y (3)) = h°(P 5 ,O p5 (3)) = ( 5 + 3 ) = 56. 



On the other hand we have computed in Equation (|6 .4|) that 

h°(x,o x (3)) = m, 

hence the thesis. □ 
Lemma 7.2. The restriction 

H a (F\O r .(3))^H (Y,O Y (3)) 

is an isomorphism. 
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Proof. We just need to show that i/°(P 5 ,Xy(3)) and ^(P 5 , Jy (3)) vanish. Since 
Y is a sextic, ly — Ops (—6), so 

i/°(P 5 ,Xy(3)) = H (F 5 ,O, 5 {-3)) = 0. 

On the other hand Kf5 = Ops (—6), so 

H l {W h ,I Y {n)) = 

for every n > by Kodaira vanishing. □ 
Given 77 G H°(X, Ox (3))- we obtain the even section 

77 ® 77 G #°(X, Ox(6))+ = H°(Y, CV(6)), 
since even sections descend to Y. The proof of Lemma 17721 shows that 

H 1 (¥ 5 ,I Y (6)) = Q, 

hence this section lifts to a sextic Y' of P 5 . Where Y and Y 1 meet the intersection 
is at least double: this is easily seen locally. 

Indeed let y G Y be a point where 77 ® 77 vanishes. Then for every point x G X 
such that /(s) = y we must have 

77(a) = 0, 

so 77 <S> 77 has a double zero in a; (hence in y) . 

This construction yields a sextic Y' everywhere tangent to Y. We now want 
to describe explicitly such special sextics; in particular we will show that they are 
again EPW sextics. 

Proposition 7.3. Let A, A' G LG(/\ 3 V) be two Lagrangian subspaces such that 

dim(A n A') = 9. 
Then Ya and Ya> are everywhere tangent. 
Proof. Let 

[v] G YX m n YX7 1 

be a smooth point of both Ya and Ya' ■ Then we claim that 

F v nA = F v nA'. (7.1) 

Indeed both F v D A and F v n A' are 1-dimensional, because Ya and Ya' are smooth 
in [v]. By symmetry it is enough to show that 

ftni'c A. 

If this does not happen, then 

A' = {F v n A') ® (An A'). 

Let a be a generator for F v (lA. Then, since F v and A are isotropic, a is orthogonal 
to both F v n A' and An A'. It follows that 

a G (A')" 1 = A'. 

This is a contradiction, so (|7.ip is proved. 
By Proposition II .61 this implies that 

T[ v ] Ya = Tj„] Y4' . 

Since this is true for any smooth point of intersection, the thesis is proved. □ 
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Remark 7.4. If A" is any other Lagrangian subspace with 

An A' = An A", 

the intersection being of dimension 9, it is easy to see that 

Y A nY A , =Y A nY A „, 

where the latter is an equality of schemes. So this intersection only depends on 

U = AnA'. 

In other words we can associate to every U G ¥(A V ) a section 
r G H (Y A ,O YA m) = H (X a ,O Xa (Q) + )- 

Remark 7.5. In the last remark we have implicitly used the fact that every U G 
¥(A V ) is contained in some other Lagrangian subspace A'. This is easy: if U is as 
above, then 

U ± DA ± = A, 

and every hyperplane of U containing U is such a Lagrangian subspace. Indeed 
let U C A' C U ± , so that 

A' = U © (v) 

for some v. Then v is orthogonal both to U and to itself, so A' is isotropic. 

In particular we see that there is a pencil of Lagrangian subspaces containing U. 

One can easily check that the above construction yields an isomorphism 

g: P(A V ) -+FH°(X A ,OxAZ)-)- (7-2) 

The divisors 

D'e \H (X a ,O Xa (3)-)1 
or better their images in Y A , are endowed with a natural rational function. 

Let U G P(A V ) such that g{U) = D', and let D = f(D'). We also let t D be the 
pencil of Lagrangian subspaces containing U . Then there is a rational function 

r D : D -+l D 

defined as follows. 

Let A, A' be generators of £jj, and x a generic point of D C X A . Then 

H = A(x)errnr|r, 

and by Equation (|7.ip we have 

F v n A = f v n A', 

both of dimension 1. We claim that 

dim(F v n(A + A')) = 2. (7.3) 
Indeed we start by the simple remark that 

(F v + A) 1 - - {F v ) ± n A 1 - ^ F v n A c A' ~ (A') x . 
We can dualize it to obtain 

A' c F v + A, 

so we find that 

dim(F v +A + A')= AmiF v + A = 19 

by Grassmann. Since 

dim(A + A') = 11, dimF t , = 10, 
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Grassmann's formula applied to F v and A + A' yields Equation (|7.3|) . 

By Equation (|7.3|) we see that there is exactly one member A v £ Ijy such that 

F v n (A + A') c A v . 

Indeed all members of the pencil contain F v n A, so containing F v fl (A + A') is just 
one more linear condition. We can explicitly sec that 

i„ = (ylni') + (^n(i + i')). 

We then define 

r D : D — -t£ D . 
[v] i ► A„ 

It is easy to describe the divisors in the linear system on D whose associated 
rational map is td- Indeed by construction we see that, given B £ ip, we have 
r D ( M ) = B if and only if 

dim(F„ R B) = 2, 
hence the map td is defined by the pencil of divisors 

{Y B [2\ \ B£i D ). 

In particular all surfaces Yb[2] for B £ Id are rationally equivalent on Ya- 
Remark 7.6. We should note that indeed if B £ Id, then 

dim(B n A) = 9, 

and this implies that Ya contains Yb[2]. In fact if dim(F v DB) — 2, then dim(F v n 
A) > 1. 

We sum up what we need for the proof of Theorem 11.11 

Proposition 7.7. Let A £ LG(/\ 3 V)° and let B be a Lagrangian subspace such 
that dim A n B = 9. Then Y B [2] C Y A and 

[Y A [2]] = [Y B [2]] 

in CH 4 (Y A ). 

8. Definition of the class 9 
Let X = Xa as usual. Our first task is to define a class 

6 £ CH 4 (X) 
of degree 1. Then we will show that the relations 

h A = 126, h 2 c 2 (X) = 606, c 2 {Xf = 8286*, c 4 (X) = 3240 

hold. 

It will actually be easier to work on Y, so we'd better find out the relationship 
between CH(X) and CH(Y). 

Remark 8.1. The map f:X—>Y induces a push-forward morphism 

/.: CH(X) CH(Y), 

because / is proper (for the construction of Chow rings and morphisms between 
them see |Ful84| Chap. 1]). On the other hand /* is usually defined for flat maps 
with fibers of constant dimension, or when the target is smooth, and neither is the 
case. 
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Following Example 1.7.6 on |Ful84j we can define /* in our situation. Indeed 
Fulton shows that if 

Y = X/G 

is the quotient of X by the action of a finite group G, we have a canonical isomor- 
phism 

CH(Y) Q £* CH{X% 
where as usual CH(Y)q = CH(Y) Q. So if / is the quotient map we can define 
/* by the composition 

CH(Y) q ^ CH(X)C ^ CH(X) q . 
Fulton also shows that the composition 

CH(Y) Q A CH(X) Q ^ CH(Y) Q 

is the multiplication map by (j G. 

In our situation G — (ip), where ip is the covering involution, and the composition 
above is multiplication by 2. 

Recall that we have defined 

Eio CLG(A 3 ^) 

as the (Zariski closure of the) set of Lagrangian subspaces such that there exist 10 
independent subspaces 

W!,...,W 10 CV 

of dimension 3 with /\ 3 W% C A, and E' 10 is a particular component given by 
Definition 14.171 By Corollary 14.181 we know that for B G S' 10 generic Y B [2] is 
birational to an Enriques surface. 

We now recall a result about Chow groups of surfaces ( |Voi03[ Thm. 11.10]) 

Theorem (Bloch, Kas, Lieberman). Let S be a smooth projective surface with 
H 2 '°(S) = 0, and assume that S is not of general type. Then the Albanese map 

alb s : CH 2 hom (S) ^ A\b(S) 

is an isomorphism. In particular if moreover H 1,0 (S) = 0, then CH 2 om (S) = 0. 

By this result we sec that if S is an Enriques surface, 

CH 2 (S) SZ. 

In particular this conclusion is true for Yb [2] , when B £ E' 10 is generic. 

To handle the case where B is not generic we use the following result (the proof 
is the same of |Voi031 Lemma 10.7]): 

Theorem. Consider an algebraic family of cycles (Z t ) te u on a variety X para- 
metrized by a basis U. Then the set 

{u G U | Zt is rationally equivalent to zero} 

is a countable union of Zariski closed subsets of U . 

By the above result, the fact that CH 2 (Yb[2]) — 1 for B generic extends to the 
case where B is not generic. In conclusion we have the 

Proposition 8.2. Let B G S' 10 ; then 

CH 2 (Y B [2})=Z. 
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That said, we define a class 

6 e CH\Y A ) 

as follows. Let A G LG(/\ 3 V)°. By Proposition l5.1l can find a Lagrangian subspace 
B G E' 10 such that 

dim An B > 9. 

Note that this implies 

Y B [2]cY A , 

so it makes sense to define 8 as the class of a point of Yb [2] . We need to do some 
checks in order to show that this is actually well-defined. We also define 

e = \r(e) eCH\x) Q . 

Lemma 8.3. Let B, B' G LG(A 3 V) such that dBTTJ) holds. Then 

F fl [2]ny B /[2]^ (8.i) 

Proof. It is enough to show that 

Y B [2]-Y B ,[2]^Q 

in CH*{Y A ). Thanks to Proposition 17. 71 it will be enough to prove that 

Y A [2} 2 0. 

By the definition of the ring structure on CH*{Y A ) we need to prove that 

Z\ ^ in CH*(X A ). 

But actually Z A ^ already in cohomology. Indeed, using the fact that Z A is 
Lagrangian, we have 

Z\ - c 2 {N Za ,x a ) = c 2 (fi^J - c 2 (Z A ) - Xto P (Z A ) = 192 
by Proposition [TTT2] □ 

By the previous Lemma we see that the class of 9 G CH 4 (Y) is actually inde- 
pendent of the chosen B G S' 10 such that (|5.ip holds. 

9. Some geometric constructions 

We now want to show that the expected relations hold in CH(Y)<q. 

Remark 9.1. In the following we need to perform intersection products on the 
Chow ring of Y, and this may seem not well-defined, since Y is singular. But recall 
that we have the isomorphism 

CH(Y) Q = CH{X)% 7 
and CH(X)q is a subring of CH(X)q, so we can multiply cycle classes on Y. 

Let h — ci(CV(l)) be the hyperplane class on Y. We start to prove relations in 
CH(Y) analogous to those found in Proposition 16. II In order to do this, we need 
another geometric lemma. 

Lemma 9.2. There exists a line Lq <zY which meets Yg\2\. 
Proof. Let V be the union of lines contained in Y. 
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Step 1: dim V > 2. Let R C Gr(2, V) be the locus of lines £ CYa- We can obtain 
R as follows. Let 

Ya = V{g), 

where g is a degree 6 polynomial, and let S be the tautological subbundle on 
Gr(2, V), so that Sym 6 (<S v ) is the fiber bundle whose fiber at I is the vector space 
of homogeneous polynomials of degree 6 on I. 
Then we can define a section 

. S eif°(Gr(2,nSym 6 (S v )) 

by the condition 

s(i)=g\ e . 

By definition R is the zero locus of s. It follows that 

dim.R > dimGr(2,F) -rkSym 6 (S v ) = 8-7=1, 

provided R is not empty. But we can show that R ^ by computing the funda- 
mental class 

[R] = c 7 (Sym 6 (<S v )) = 432 ■ 134cr 4 , 3 . 

Here the notation is that of Schubert calculus, see for instance |GH78[ Sec. 1.5]. 
Since 

v=Ui 

is birational to a P 1 -bundle over R, it follows that dimF > 2. 
Step 2: There exists B' such that A n B = A n B' and Y B '[2] meets V. Let 

U = AnB 

and let Djj be its associated divisor on Ya, under the isomorphism (|7.2[) . Then 
Du has dimension 3; since two varieties of dimension 2 and 3 in P 5 always meet, it 
follows that 

Dunv ^9. 

So there exists a Lagrangian subspace B' such that B' D A — U and 

Y B >[2]nV ^ 0. 

Step 3: B meets V. We lift everything to Xa, which is smooth, so intersection 
theory applies. Let 

Vi = r\V) andV^ = /- 1 (^'[2]). 
One easily sees that on X 

Since /~ 1 (Yb[2]) and V% have the same homology class, it follows that 

T4-/- 1 (y s [2])^0, 
in particular V\ must meet /~ 1 (ys[2]), and so 

V DY B [2] ^ 0. 

□ 

We omit for clarity A from the notation. The other relations come from the 
following 
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Lemma 9.3. The following relation holds in CH{X): 

3Z = 15h 2 - c 2 (X). 

Proof. We consider / as a map X — > P 5 , so that it induces a morphism of vector 
bundles over X 

df- T x ^f*T r5 . 

We notice that df in injective outside Z, so we can see Z as a degeneracy locus 
for this morphism. We then apply Thom-Porteous formula in the form stated in 
|Ful84i sec. 14.4]. In their notation we have e = 4, / = 5 and k = 3. 
This yields a cycle class 

D 3 (4f) G CH 2 (Z) 
whose support is Z, and such that the image of ID^df) in CH 2 {X) is 

A«(c(/*T p5 _ T x )) = c 2 (/*T p5 - T x ). 
Here the total Chern class 

c(/*T P s - T x ) 

is defined formally in such a way that Whitney's formula holds, i. e. 

c(T x )-c{f*T p5 -T x ) = c{f*T p5 ). 

From the last equation and the fact that c\(T x ) = (since X is symplectic) we 
can obtain 

c 2 (f*T p5 - T x ) = /*c 2 (T P 5) - c 2 (T x ) = I5h 2 - c 2 {X). 

Since 10)3 (df) has support on Z, which is irreducible, we find that 

kZ = \hh 2 - c 2 {X) (9.1) 

for some k G Z. To find the right fc, we observe that again by Ful84. Theorem 
14.4(c)] we have 

W) = [D 3 (df)\, 

where D^(df) is the degeneracy locus of df. In other words D^(df) is just Z, with 
the scheme structure given by the vanishing of all 4 x 4 minors of df. 
The map 

/ : X -> y C P 5 

has, in suitable analytic coordinates around a point of Z, the local form 

f(x,y,z,t) = (x 2 ,xy,y 2 ,z,t). 

Loc 

The differential of / is then 

/2x 0\ 

y x 

c(f = 2y 

/oc 10 

\ 1/ 

equating to the determinants of its 3 x 3 minors yields 

D 3 (df) = V(x 2 ,xy,y 2 ). 

loc 

So we see that D%(df) has multiplicity 3 at each point of Z 1 hence k = 3. 
Alternatively we could multiply Equation (|9.1j) by h 2 to find 

kZ-h 2 = 15h 4 ~c 2 {X) ■ h 2 . 
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If we look at this relation in cohomology it becomes, thanks to Proposition 16. 1[ 

40fc = 15 • 12-60, 

so k = 3. □ 
We have a closer look at the differential of 

/: X -> P 5 . 

As a map of vector bundles, this is not injective exactly on Z. Hence it is always 
injective on stalks; in other words 

df: T x ^f*T p5 

is an injective map of sheaves. Let 1Z denote its cokernel; this is locally free of rank 
1 outside Z . So we have the exact sequence 

► T x ► f*T p5 ► K > . (9.2) 

We now dualize it applying Hom(-, Ox)- We remark that 

Hom(1Z, Ox) 

is torsion-free, of rank one, and one can check in local coordinates that it is a line 
bundle. By Ij9.2|) we get cx(TZ) = 6h, hence 

Hom(R,O x ) = O x (-6). 

Then we note that 

£xt 1 (f*(T r5 ),O x ) = 0, 
because both sheaves are locally free. So if we let 

Q = £xt 1 (K, Ox), 

the dual of (|9.2|) becomes 

>O x (-6) >/*(np5) — n x > Q >0. (9.3) 

We remark that Q is set-theoretically supported on Z, because both 1Z and Ox 
are locally free outside Z. Actually the schematic support of Q is 2Z, that is the 
subscheme of X defined by the ideal 1% . This follows from the 

Lemma 9.4. Let Q be as above; then Ann(Q) = X\. 

Proof. We only need to prove this locally. As in the proof of Lemma 19.31 we can 
choose local coordinates on X such that 



then df T has the matrix 



f(x,y,z,t) = (x ,xy,y ,z,t); 

LOC 



dfT r 

LOC 



(2x 


V 








°\ 





X 


2y 

















1 





\o 











V 



hence we have the presentation 

(dx, dy) 



Q = 



loc {xdx,xdy + ydx,ydy) 
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A given h(x,y) G C[x, y] then annihilates Q if and only if both hdx and hdy 
belong to the k[x, y]-module generated by xdx, xdy + ydx and ydy. 
Let us make this more explicit. Assume that 

h{x, y)dx — a(x, y)xdx + b(x, y) ■ {xdy + ydx) + c(x, y)ydy. 

This yields 

h(x, y) = xa(x, y) + yb(x, y) 

= xb(x,y) + yc(x,y) 

The second equation implies b(x, y) = yb'(x, y), so the first becomes 

h(x, y) = xa(x, y) + y 2 b'(x, y). 

If h can be written this way, then we can choose c so that the second condition is 
satisfied. In short 

h(x, y)dx 6 {xdx, xdy + ydx, ydy) k [ XtV ] 

if and only if h £ (x, y 2 ). 

We have the symmetric condition for h(x, y)dy, so we conclude that h £ Ann(Q) 
if and only if 

h G (x, y 2 ) n (x 2 , y) = (x 2 ,xy, y 2 ). 

The last equality between ideals can be proved for instance by the remark that 
both (x,y 2 ) n (x 2 ,y) and (x 2 ,xy,y 2 ) consist of the polynomials h such that 

h(0,0) = £(0,0) = £(0,0) = 0. 

Finally (x 2 ,xy,y 2 ) is exactly the square of the ideal (x,y) which locally defines 
Z. □ 

We now produce another exact sequence involving Q. Let 

i: Z ^ X 

denote the inclusion. Recall that we have a canonical identification 

I Z /1 2 - iM y z/x : (9.4) 

locally the function g vanishing on Z corresponds to the normal covector dg. Con- 
sider the natural projection 

7r: ^lz ~* ^z/x'i 

we see this as a map on X 

7r: Q} x — > Iz/I z - 
Lemma 9.5. We have it o df T = 0. 

Proof. We keep the notation of the proof of Lemma 19.41 We need only to verify 
the thesis on Z. The image of df T is generated by 

xdx, xdy + ydx, ydy, dz, dt. 

The first three elements vanish on Z , while the latter two are in the kernel of tt. □ 

The above lemma and the exact sequence in (|9.3I) provide us a surjective map 

a:Q^i,(J^ /x ). 
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Lemma 9.6. The kernel of a is z*(det Tz). 

Proof. We can see this explicitly in local coordinates. Keeping the notation of 
the above proofs, Q is locally generated, on Z, by dx, dy and xdy = —ydx. The 
conormal bundle J^z/x 1S generated by dx and dy, and a is the obvious projection. 

The kernel of a is then generated by xdy. Under the identification in (|9.4[) this 
corresponds to the generator dx A dy of /\ 2 N^i x . 

So 

kera = i*(det Af Z / X ) - i*(detT z ), 
since Z is Lagrangian. □ 

Thanks to the lemma we get the exact sequence we are looking for: 

>u(4BtT z ) ► Q >UT Z >Q . (9.5) 

We can now find new relations in the Chow ring of X. 
Proposition 9.7. In CH(X)q we have 

c 2 (X) -h = 5h 3 

and Ci(X) is a linear combination of h A , Ca(X) • h 2 and C2(X) 2 . 

Proof. This is just a matter of putting together the relations that come from the 
exact sequences (|9.3|) and (|9.5|) . 
We start from (|9.3j) . which yields 

(1 - 6h) ■ (1 + c 2 (X) + c 4 (X)) = (1 - h) e ■ (1 + Cl (Q) + c 2 (Q) + c 3 (Q) + c 4 (Q)). 

Comparing the terms in degree up to 2 we get: 

ci(Q) = 

c 2 (Q) = c 2 (X) - 15/t 2 = -3Z 
where the last equality is Lemma 19.31 Then in degree 3 we have 
c 3 (Q) = Gh{c 2 (Q)-c 2 (X)) + 20h 3 = 

(9 7) 

= 6h ■ (-15h 2 ) + 20h 3 = ~70h 3 , 



using the second of (|9.6p . Finally in degree 4 we get, using (|9.6|) and (|9.7| . 
c 4 (X) = 15/i 4 + 15/i 2 • c 2 (Q) - 6h ■ c 3 (Q) + c 4 (Q) = 
= 15h 4 - 45/i 2 • Z + A20h 4 + c 4 (Q), 

hence 

c 4 (Q) = c 4 (X) - 435/i 4 + 45/i 2 • Z. (9.8) 

Next we look at the relations coming from (|9.5|) . To do this we shall use 
Grothendieck-Rlemann-Roch, which for the closed embedding 

i: Z w X 

takes the form 

chiuF) = u{ch{T) ■ tdiMz/x)- 1 ), 
for any T G Coh(Z). This is because in our situation we have 

R k i*(T) = 

for all such T, thanks to [Har771 Cor. J/7.11.2]. 



THE CHOW RING OF DOUBLE EPW SEXTICS 45 

Using that Z is Lagrangian we have Nz/x — ^z, so we can compute 
td(Af z/x ) = 1 - \c x {Z) + -^(ci(Z) 2 + c 2 (Z))- 
tdiMz/xY 1 = 1 + \c x {Z) + \c x {Z) 2 - ±c 2 (Z). 

Then we have 

ch(detT z ) = l + c 1 {Z) + ^c 1 {Zf- 

ch{T z ) =2 + Cl (Z)+ X -(c x {Zf - c 2 (Z)). 
So Grothendieck-Riemann-Roch for these sheaves becomes 

ch(ndetT z ) ^l + ^ Cl {Z) + ^ Cl {Z) 2 - ^c 2 {Z)^j ; 

ch(i*T z ) =iA2 + 2c x {Z) + \c x (Z) 2 - 7 -c 2 (Z) 
\ 3 6 

Next we use the fact that in CH(Z)q we have 

c x (Z) = -K z = -3i*(fc), 

thanks to Proposition ll.131 So we obtain 

9 21 1 

ch(udetT z ) = Z--h ■ Z + — h 2 ■ Z - — Z 2 ; 

ch(i*T z ) = 2Z - 6h ■ Z + 12h 2 ■ Z - -Z 2 . 

6 

We can use this to recover the Chern classes of i^(detT z ) and i*(Tz). These are: 

Ci(i* det T z ) = 
c 2 (i* det T z ) = -Z 
c^ii* det T z ) = — 9h ■ Z 
c 4 (i* det T z ) = Z 2 - 63h 2 ■ Z 

and 

c 1 (uT z ) = 

c 2 {i*T z ) = -2Z 

c 3 (i*T z ) = -\2h-Z 

Ci{i*Tz) = $Z 2 - 72h 2 ■ Z. 

Finally we use the exact sequence (|9.5p to get the Chern classes of Q. The first 
two are 

c x (Q) = 
c 2 (Q) = -3Z, 
in accordance with (|9.6[) . Then we get 

c 3 (Q) = -21h-Z, 
and comparing with (|9.7[) we obtain 

-3h-Z = -10/r 3 . 
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Using Lemma l9~3l this is exactly 

c 2 (X) ■ h = 5h 3 . 

Finally we get 

c 4 (Q) = 12Z 2 - 135h 2 ■ Z; 
comparing with (|9.8p this becomes 

12Z 2 - 135h 2 -Z = Ci{X)- 435/i 4 + 45/i 2 ■ Z, 

and using again Lemma |9~3"1 to write Z as a rational combination of C2(X) and h 2 , 
we get the second claim of the thesis. □ 

10. Conclusion of the proof 
First we recall that we have defined the class 

Here 9 is the class of any point on Ys[2] C Ya- By Proposition 1 7 . 71 we know that 

[Y A [2]] = [Y B [2]] in CH 2 (Y A ). 

We also let h = O y (l), so that h = f*(h). 
Using Lemma 19.21 we can start proving that 

h 4 = 69 (10.1) 

in CH{X). 

Indeed let Lq be any line meeting Is [2] and let A be any plane containing Lq. 

3 

Then h is represented by the intersection 

A • Y = L + C, 
where C is a quintic on A. Multiplying by h we obtain 

h 4 = L • h + C ■ h. 

We claim that this is represented by a 0-cycle supported on Lq. This is clear for 
the first addend; for the second we represent h by a hyperplane containing Lq and 
transverse to A. It follows that C ■ h is supported on C Lo- 

Since Lq is rational, CH 1 (Lq) = Z, so h is rationally equivalent to a multiple 
of a point of Lq. Finally Lq n Yb[2] / 0, so we get 

7? = k6 in CH i (Y) Q 

for some k S Q. 

Pulling back this relation to X and using f *(h) — h, f*(ff) — 29 we obtain 

h 4 = 2k9 in CH 4 (X) q . 

Since in cohomology we have h 4 = 12 we must have k = 6, and so (|10.1j) is proved. 
Next we show that 

h 2 ■ c 2 (X) = 609. (10.2) 
We start from Lemma 19.31 pushing forward that relation we get 

3^12]] = 15 • Ah 2 - /*c 2 (X) in CH 2 {Y). (10.3) 
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Multiplying (|10.3|) by h we get 

t ■ Uc 2 {X) = 60t - 3h 2 ■ [Y A [2]] . 

— 4 — 

We already proved that h is a multiple of 9, and the cycle class 

t- [Y A [2]] =t ■ [Y B [2]] 

is supported on is [2], hence it is a rational multiple of 9 too. 

We conclude that the relation (| 10. 2[) holds up to a multiple, that is 

h 2 ■ f*c 2 {X) = kS. 

As before, we pull back this relation to X in order to make computations in coho- 
mology. We get 

h 2 ■ 2c 2 {X) = 2k~9. 

Since in cohomology we have 

h 2 -c 2 {X) = 60, 

we must have k = 60, and Equation (| 10. 2[) is proved. 
In a similar way, we can rewrite Equation (|10.3|) as 

/*c 2 (X) = 15^ 2 -3[Ya[2]] 

4 

and take squares to write (f*c 2 (X)) as a combination of h and a 0-cycle supported 
on Yb[2]. This shows that (f*c 2 (X)) 2 is a rational multiple of 9. 
As usual a cohomology computation yields the precise form 

c 2 (X) 2 = 8289. 

Now we can use Proposition 19 . 71 to conclude that 

Ci(X) = k9, 

and finally we get k = 324 by comparison with the analogous computation in 
cohomology. This takes care of all relations in degree 8. 

The only relation in degree 6 comes from Proposition 16. 21 and is 

c 2 {X) ■ h = 5h 3 . 

We already proved that the same holds in CH*(X) in Proposition 19. 71 so this ends 
the proof of the main theorem. □ 
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